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Applied Physics for EEE Stream : 2022-23

Module — 1 : Quantum Mechanics

Syllabus:
Quantum Mechanics: 8 hrs

deBroglie Hypothesis and Matter Waves, deBroglie wavelength and derivation of
expression by analogy, Phase Velocity and Group Velocity, Heisenberg’s
Uncertainty Principle and its application (Non - existence of electron inside the
nucleus - Non Relativistic), Principle of Complementarity.

Wave Function, Time independent Schrodinger wave equation (Derivation),
Physical Significance of a wave function and Born Interpretation, Expectation
value, Eigen functions and Eigen Values, Particle inside one dimensional infinite
potential well, Quantization of Energy States, Waveforms and Probabilities.
Numerical Problems.

Pre requisite: Wave—Particle dualism

Self-learning: deBroglie Hypothesis
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OQuantum Mechanics

The branch of mechanics that deals with the mathematical description of the motion and
interaction of subatomic particles, incorporating the concepts of quantisation of energy, wave —
particle duality, the uncertainty principle and the corresponding principles.

Introduction:

At the end of 19" century and in the beginning of 20" century, many new phenomena such as
photoelectric effect, Compton Effect, pair production, Zeeman Effect, radiation effects, nuclear
radiations etc., were discovered. Since classical mechanics fails to explain the above
phenomena, a new physics known as modern physics was developed on the basis of quantum
theory of radiation. In order to explain the distribution of energy in the blackbody radiation
Planck introduced the concept of quantum theory of radiation in 1900.

Radiation:

Radiation is defined as the energy that travels through space or matter in the form of a particle or
wave.
In physics, radiation is the emission or transmission of energy in the form of waves or particles
through space or a material medium.
It is a process of transmission of energy from one place to another without the aid of any
intervening medium.
Light and heat are types of radiation. Heat radiation is also called thermal radiation.

OR
“Radiation is the emission of electromagnetic waves by matter when supplied with appropriate
amount of energy”’.
A photon is the smallest discrete packet or quantum of electromagnetic radiation. It is the basic
unit of all light.

The basic properties of photons are:

A packet or bundle of energy is called a photon

The energy of a photon is E = hv = hc/A

The momentum of the photon is p = E/c = h/A

Photon can carry energy and momentum which are dependent on the frequency.

The rest mass of the photon is zero and hence they can exist only moving states.

They are charge less particles and are not affected by either electric or magnetic field,
They are stable and having integral spin (spin-1 particles) which make them as bosons.
They can have interactions with other particles such as electrons, protons, neutrons, etc.,
They can travel with the speed of light in free space or vacuum.

vV V V VYV V VYV V VYV V

Planck’s Quantum Theory of Radiation:

In the year 1900, Max Planck propounded the quantum theory of radiation. According to this
theory, the emission and absorption of radiation is not continuous but it is in the form of packets
of definite and discrete set of energy. Each packet is called the quanta or photon which has a
definite energy and definite momentum whose value is proportional to the frequency of
radiation. If ‘v’ is the frequency of radiation, the energy of each photon is given by,


https://en.wikipedia.org/wiki/Physics
https://en.wikipedia.org/wiki/Energy
https://en.wikipedia.org/wiki/Wave
https://en.wikipedia.org/wiki/Particle
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Eocv or E=hv= he
A
hc h
But, E=mc*=— or mc=—
A A
If a photon of mass ‘m’ moving with a velocity ‘c’, then its momentum p = mc
h h
“p=— o A=—
A P
But, if photon of mass ‘m’ moving with a velocity ‘v’, then its momentum is p = mv
h h h
“p=— o A=—=—
A p mv

Where ‘h’ is a universal constant, called the Planck's constant. Its value is 6.625 x 103 Js, ¢ is
the speed of light.

Matter Waves

Dual Nature of Matter:

The wave theory of electromagnetic radiation satisfactorily explains the phenomena of
reflection, refraction, interference, diffraction and polarization. But it failed to explain the
phenomena of Photoelectric Effect, Compton Effect.

On the other hand, they were explained on the basis of quantum theory of radiation. According
to which a beam of light of frequency v consists of small packets each having energy hv called
photon or quanta.

Sometimes these photons behave like a waves and sometimes like a corpuscles i.e., particles.
Thus radiation have dual nature i.e., wave and particle or quantum nature.

Matter waves and their characteristics properties

In 1924 Louis de Broglie suggested that the particles like protons, electrons, & neutrons in
motion exhibit characteristic properties of waves. Thus a moving particle can be associated with
a wave or a wave can guide the motion of the particle. Hence the waves associated with the
moving particles are known as de-Broglie waves or matter waves.

According to de-Broglie hypothesis, a particle of mass ‘m’ moving with velocity ‘v’ is
associated with the wave. This wave is called matter wave. The wavelength of matter wave in

terms of its momentum ‘p’ is,
a=n_h
mv p
1. Matter waves are the waves associated with moving particles.
2. Lighter the particles, greater is the wavelength associated with it, because here
A oc1/m
3. Greater the velocity of the particle, smaller is the wavelength associated with the particle.
A ocliv
4. Matter waves are not electromagnetic waves. Since they don’t depends on the charge of the

particle.
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5. The velocity of the matter waves is not constant. But it depends on the velocity of the

particle.
6. Light wave has got same velocity, for all wavelengths. But in case of matter waves, the

velocity is inversely proportional to the wavelength.

7. It is not possible to determine the exact position and momentum of a moving particle
simultaneously.

8. Matter waves are also called as de-Broglie waves (or) pilot waves.

Note: (i) : If a particle of mass ‘m’” moving with a velocity ‘v’, then its kinetic energy
E=%mv> or m%?=2mE or mv=+2mE

:m 2mE

(i) : we know that, if an electron is accelerated under the potential difference of V, then
the energy acquired by it will be ‘eV’, then

1, 1m%? p

h_ " isthe expression for deBroglie wavelength in terms of kinetic energy E.

2

SeV=—mv©=— =—
2 m 2m
or p?’=2meV  or p=+2meV
L h_h
' P 2meV

This is the expression for deBroglie wavelength in terms of accelerating potential V.

Problems:-

(1) Calculate the de-Broglie wavelength associated with an electron having a kinetic energy
of 100 eV.

Data:- 4=7, E=100eV=100 x 1.602 x10%]

h 6.63x10°%

- — =1.228x10"m =1.228 A’
V2mE  \/2x9.11x10* x100x1.602x10°

(2) (May22) Evaluate the de-Broglie wavelength of Helium Nucleus accelerated through a
potential difference of 500 V.

Data:- 4=7, V=500V, m=4m,=4x1.673x10?"kg

h 6.63x107**

_ _ — 6.403x107*m = 6403A°
V2meV 2% 4x1.673x10°7 x1.602x107° x500

(3) Calculate the de-Broglie wavelength of an electron accelerated under a potential
difference of 100 V.

Soln.: 4=?_v=100V

h 6.63x107**

= = =1.228x10""m =1.228A°
V2meV  /2x9.11x10 ' x1.602x10*° x100
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(4) Compute the de-Broglie wavelength for a neutron moving with one tenth part of the
velocity of light. Given mass of neutron=1.674x102"kg.

Soln.: 2=2, v:% and m =1.674x10"*"kg

-34
i= __ 6.63x10 ~1.320x10%m

8
1.674x10%" x <10
10

(5) Find the KE of a neutron which has a wavelength of 3A. Given its mass=1.674x10"?kg.

h h?
= E=—1_
2mE 2mA
(6.63x10*)

 2x1.674x107 x(3x10°f

=1.46x10%J) =9.114x10%eV

(6) Estimate the potential difference through which a proton is needed to be accelerated so
that its de- Broglie wavelength becomes equal to 1 A, given that its mass is1.673x10?7kg.

h = V ——hz
\2meV 2meA?
B (6.63x10*}
2x1.673x107%" x1.602x107*° x (1>< 107 )2

1=

=0.082V.

(7) The Kinetic energy of an electron is equal to the energy of photon with a wavelength of
560nm. Calculate the de-Broglie wavelength of the electron.

E:hv:%,ﬂp =560nm =560x10"°m,A =?

34 8
gofc_863x107 x3x107 5559 1095 =2.217ev

y) 560x10°°

p

h 6.63x107*

_ - =8.25x10""m
V2ME  2x9.11x10% x3.552x107%°

(8) Calculate the de-Broglie wavelength associated with an electron having a kinetic energy of
100 eV.

Soln.: =7, E=100eV=100 x 1.602 x10%]

h
2mE

B 6.63x107%
J2x9.11x10* x100x1.602 x10~*°
21=1.228x10""m

A




Applied Physics for EEE Stream Module — 1: Quantum Mechanics Or. Shivalinge Gowda, Professor of Physics, MRIT

(9) (May22) Evaluate the de-Broglie wavelength of Helium Nucleus accelerated through a
potential difference of 500 V.

Soln.: =7,V =500V, m=4m,=4x1.673x10%'kg

h

l =
v 2meV

B 6.63x107%
\/2 x 4x1.673x107%" x1.602 x107*° x 500
=6.403x10m

(10) Calculate the de-Broglie wavelength of an electron accelerated under a potential difference
of 100 V.

Soln.: A=7?, V=100V

h
\v2meV

1=

~ 6.63x10°%
V2x9.11x107% x1.602 x107%° x 100
—1.228x10°m

(11) Compute the de-Broglie wavelength for a neutron moving with one tenth part of the
velocity of light. Given mass of neutron=1.674X 10?"kg.

Soln.: =7, v:% and m =1.674x10"""kg

6.63x107%
3x10°8
10

1.674x107%" x
=1.320x10"m
(12) Find the KE of a neutron which has a wavelength of 3A. Given its mass=1.674X 1027kg.

A= b =
2mE
2
L
2mA

B (6.63x10*
2x1.674x10% x (3x107° )
=1.46x107%"J

(13) Estimate the potential difference through which a proton is needed to be accelerated so that
its de- Broglie wavelength becomes equal to 1A, given that its mass is1.673X 10" kg.
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h
=
\2meV
h2
T 2mes?

B (6.63x10%
2x1.673x107% x1.602x107° x (1>< 107% )2
=0.082V.

(14) The kinetic energy of an electron is equal to the energy of photon with a wavelength of
560nm. Calculate the de-Broglie wavelength of the electron.

E=hv :%,Jtp =560nm =560x10"°m,A =?
g_nc

/’tp
E_ 6.63x107** x3x108

560x107°
E =3.552x107°)
_h
2mE

P 6.63x107%

 J2x9.11x10° 3552 x10°
A =8.25x10""m
Wave Packet: A wave packet consisting of waves of slightly differing wavelengths may

represent the moving particle. Superposition of these waves constituting the wave packet results
in the net amplitude being modified, thereby defining the shape of the wave group.

A wave is represented by the formula
y = ASin (@t — kx)

Where y is the displacement at any instant t, A is the amplitude of vibration, ® is the angular
frequency (o = 2rv) and k is the wave vector (k = 2r/A).

Phase Velocity (Vphase OF Vp)

A point marked on a wave can be regarded as representing a particular phase for the wave at that
point. The velocity with which such a point would propagate is known as phase velocity (or)
wave velocity. It is represented by

\' or v, =—

Pk
where, o is angular frequency and K is the propagation constant or wave number

phase
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Group Velocity (Vgroup OF Vg)

The velocity with which the resultant envelops of the group of waves travels is called group
velocity.

It is denoted by vy or vgroup and is equal to the particle velocity v.

_do
Voo OF Vg—a

Loys | ‘
cos(m,t-k,x)
1,60 =
0
cos(o -k X)
1

fox0 =
€o8(w,t-KoX) 4
£0

-0 20 0 20 L) 60
x

Green dot @ 2
Phase Velocity

T

Magenta dot @ |~
Group Velocity.o

Wave Facket and Envelope Curve

wave packet :
envelope curve | -

ampitude

=-displacement

Relation between Group Velocity vg and Phase Velocity vp

The equations for group velocity and phase velocity are given by,

dw
Vg :d—k —)(1)
v, :% —(2)

where o is the angular frequency of the wave and Kk is the propagation constant or wave vector.
So=Vk —> (3)



Applied Physics for EEE Stream Module — 1: Quantum Mechanics Dr. Shivalinge Gowda, Professor of Physics, MRIT

o i), Lo
dk dk P d
But, ke e, 42 g

dk  da dk
we know that, k:% or 2,:2%

dk -1 dA y5
and —=2r or -
dA dk 27T

2
de:27z' — 2 de

..egn (5) becomes, k X X
dk A 2z dA

dv, dv,
or k =—AX
dk dA
On substituting this values in equation (4) we get,
dv
V=V, — A
dA
dv
OF  Voue = Vonaee — A| —2
group phase ( d/l

This is the relation between group velocity and phase velocity.

Heisenberg’s uncertainty principle

According to this principle “It is impossible to determine precisely and simultaneously the
values of both the members of the pair of physical variables, which describe the motion of the
atomic system”. Such variables are called canonically conjugate variables.

Example: Position and momentum, energy and time etc.,

Statement: “it is impossible to determine simultaneously both position and momentum of a
moving particle accurately at same time. The product of uncertainty in these quantities is always
greater than or equal to h/4r”.

If Ax and APy are the uncertainties in the measurement of position and momentum of a particle,
then

AX. Ap, zl
4r

If Ax is small, APx will be large and vice versa. That is if one quantity is measured accurately,
the other guantity becomes less accurate.

Similarly the other uncertainty relations for other physical variables pair are,
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AE. At ZL

A

AL.AQZL

4
Applications of Uncertainty Principle:

*Non-existence of electrons in the nucleus and its implications non-relativistic approach*
According to theory of relativity, if a particle of mass moving with a velocity v ,then the energy
E and momentum p of the particle are expressed as,

E=mc® and p=mv —()

where m is the relativistic mass of a particle moving the a velocity v and the expression for it in
terms of rest mass mo can be written as,

m
m-—T_ (2
1—v2
C2
2 2.2
m m,C
mi=_—0_— 0

1-¥ 2\
m?(c*—v®) = mc®> or m’c®-m’v®=mic® xc?
m?c* —m?v?c® = mic*
Since E = mc? and p = mv, the above equation becomes
E? - p°c®*=mic* or E?=p°c®+mi’

E=c/p>+mic® or E=c(p’+ mgcz)}/2 —(3)

According to Heisenberg’s uncertainty principle we have,
h h
AXAp, =2—  or Ap,=>=— — (4
P Az P 4. AX ( )

We know that the size / diameter of the nucleus is of the order of 10* m. If an electron is to
exist inside the nucleus, then the uncertainty in its position Ax must not exceed the size of the
nucleus,

e, AX<10™“m
Using Ax in equation (5) we have,

p, >N 5883107, o 107 Ns
Ar AX 4 x10
p,>0.5%x10 Ns

This is the uncertainty in momentum of an electron and it is equal to the momentum of the

electron inside the nucleus,
Using momentum value Px in an equation (3) we get,

E = 3x10°((0.5X10° )2 + (9.11x10" )2 x(3x10%)? ) 2




Applied Physics for EEE Stream Module — 1: Quantum Mechanics Or. Shivalinge Gowda, Professor of Physics, MRIT

1.5x10*
———e¢
1.602x107*
E = 9.4x10°%eV ~9.4MeV
An electron may exist inside the nucleus if its energy is equal to or greater than 9.4 MeV. But,

the experimental investigations on [-decay say that kinetic energy of the —particles is 3 to 4
MeV. This clearly indicates that, electrons cannot exist within the nucleus.

n— p+e’+v (energy) or p—n +e+v (energy)

E=1.5x10"J =

Principle of Complementarity

Statement: Bohr stated as “In a situation where the wave aspect of a system is revealed, its
particle aspect is concealed; and in a situation where the particle aspect is revealed, its wave
aspect is concealed. Revealing both simultaneously is impossible; the wave and particle aspects
are complementary.”

Explanation: We know that the consequence of the uncertainty principle is both the wave and
particle nature of the matter cannot be measured simultaneously. In other words, we cannot
precisely describe the dual nature of Light.

» If an experiment is designed to measure the particle nature of the matter, during this
experiment, errors of measurement of both position and the time coordinates must be zero and
hence the momentum, energy and the wave nature of the matter are completely unknown.

« Similarly, if an experiment is designed for measuring the wave nature of the particle, then the
errors in the measurement of the energy and the momentum will be zero, whereas the position
and the time coordinates of the matter will be completely unknown. unknown.

From the above explanation, we can conclude that, when the particle nature of the matter is
measured or displayed, the wave nature of the matter is necessarily suppressed and vice versa.

Problems:

1. If the group velocity of a particle is 3x10° m/s, calculate its phase velocity.
(Given, ¢ = 3x108 m/s).

Given, v, =3x10°m/s, c=3x10°m/s, v =?

w.k.t: V.V =c?

group"’ phase

or v __ € _(Bx10°f _9x10*
P2 TV o (3%10°)  3x10°

group
2. Calculate the de-Broglie wavelength associated with a proton moving with a velocity equal to
1/20 ™ of the velocity of light.

=3%x10"m/s

Given, v:ixc:ix3x108, m_ =1.67x107?"kg, A, =?
20 p p

20
w.k.t, A, =L
mv
6.63x10°%* 20x6.63x10°%

A, = =2.646x10m

1.67x10°% ><i><3><108
20

T 1.67x10 2’ x3x10°

10
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3. Find the kinetic energy and group velocity of an electron with de-Broglie wavelength of 0.2

nm.
Given, 1=0.2nm=0.2x10°m, K.E=7?, V., =7 m, =9.1x10"kg

wkt, A= ﬂ

p

—-34
o :D:%:&:ﬂ&doi“kg—m/s
A 0.2x10
p?>  (3.315x102*)
KE=E=_—"—= =6.038x107*%J

2m 2x9.1x107%

_p_3315x107%

o = = o = 3642857.143 = 3.64x10°m/ s
m  9.1x10

Vg orV

5. If the uncertainty in the position of an electron is 4x101° m, calculate the uncertainty in its
momentum.

Given, Ax=4x10""m, AP =?

wkt AX.Ap, > h
4r

34
Ap, > h S 6.63x10

S arAx AxBlAxAx10 " 131810 kgs™

6. In a simultaneous measurement of position and velocity of an electron moving with a speed of
6x10° m/s. Calculate the highest accuracy with which its position could be determined if the
inherent error in the measurement of the velocity is 0.01% for the speed stated.

Given, v=6x10°m/s, % of error in velocity = 0.01%, Ax="?

. . . ncertaint y in veloci
percentage of uncertaint y in velocity = uncertaint y eloc ty><100

velocity
uncertainity in velocity = percentageof uncle(::)almty in_velocity x velocity
% of error inthemeasurmentof velocity
AV = XV
100
AV = O'Oc:)l'x 6x10° =60ms™
h
w.kit;, AX.Ap, =—
iy
-34
Axs—N 6.63x10 > 9.66x10"'m = 966 nm

~4rmAv, ~ 4x3.142x9.1x10 % x 60

7. An electron has a speed of 300m/s accurate to 0.01% with what fundamental accuracy can we
locate the position of the electron.
Given, V =300m/s, Ax=7?, Av=? and % of accuracy in speed =0.01

11
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Av = 0.01% of v or Av=0'—01><v:0'—01><300:0.03m/s
100 100
AV=3x10"?m/s
w.k.t
Ax.Aple or Ax2 h __h
4 4 Ap, 4r.m.Av
—34
AX > 6.63x10 =1.932x10°m

"~ 4x3.142x9.1x10* x3x107?
. The maximum accuracy with which the electron can be located is 1.932 x 107 m.

8. The speed of electron is measured to within an uncertainty of 1x10* m/s. What is the
minimum space required by the electron to be confined in an atom?

Given, Av =1x10"m/s, Ax="7
wkt  AxAp, > L
Az

-34
s h 6.63x10

> = > =5.797x10°m
4rAp, 4drmAV  4x3.142x9.1x107* x1x10*

0
AX>57.97x10"m=57.97 A

9. The position and momentum of 1keV electron are simultaneously determined and if its
position is located within 1A. What is the minimum percentage of uncertainty in its
momentum?

Given, E=1keV, E =1x10°eV, E =1x10°x1.602x10*° J, E =1.602x10*°J
0 10 AP
AX=1A=1x10"m AP ="? ,?x100=?

w.k.t;  AX.Ap, _L
A

_34
AP, > h > 6.63x10 _ _ 5275102 kgms’l
47 AX 4x%3.142x%10

we have the equation for momentum,
P =+/2mME =+/2x9.1x10" x1.602x107*°
P=1.707x102°kgms™

Uncertainityin momentum 5

Percentageof uncertainityin momentum = 100
momentum
-25
Percentageof uncertainity in momentum = &Xlo_zs x100=3.087 =3.1
1.707x10

10. The inherent uncertainty in the measurement of time spent by Iridium -191 nuclei in the
excited state is found to be 1.4x101%. Estimate the uncertainty that results in its energy in the
excited state.

12



Applied Physics for EEE Stream Module — 1: Quantum Mechanics Or. Shivalinge Gowda, Professor of Physics, MRIT

Given, At=1.4x10"s, AE=?

w.k.t; AEAt> L

dr
-34
Es h S 6.63x10
4. At 4x3.142x1.4x107°

_3.768x107
~1.602x107%
11. The average time that an atom retains excess excitation energy before re- emitting it in the
form of electromagnetic radiation is 10%s. Calculate the limit of accuracy with which the
excitation energy of the emitted radiation can be determined.
(OR)

What is the minimum uncertainty in the energy state of an atom if an electron remains in this
state for 10® seconds?

Given, At=1.4x10"%s, AE =?

=3.768x107%°]

eV =2.353x10"%eV

w.k.t; AE.Atzl
A
-34
AE> N, 663x107 _oooe 107y

~4m. At 4x3.142x10°
5.275x107%
E= o1
1.602x10
12. An electron is confined to a box of length 10®m. Calculate the minimum uncertainty in its
velocity.

Given, Av=? Ax=10%m

eV =3.292x10 eV

w.k.t; AX.Ap, ZL
4

or AP 2 % or mAv, = h
47 AX 471 AX
—34
LAy 6.63x10 - =5797.03 m/s
AzmAX 4x3.142x107°x9.1x10
Av=5800 m/s

(13) If the Kkinetic energy of an electron known to be about 1eV, must be measured to within
0.0001eV, What accuracy can its position be measured simultaneously?

Soln.: E = 1eV = 1.602x10°J, AE = 0.0001eV = 0.0001x1.602x10%°J, Ax = ?

APAX=4L and P=+42mE =

T

AP = %(ZmE)% 2MAE

= [ M AE
2E

13
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AAx =12k
47 AEV m
—34 -19
Cax —_ 6:63x10™ xJ2x1,602x10

" A% 7 x0.0001x1.602 10" x +/9.1x 10"
~1.95%10°m

(14) Uncertainty in time of an exited atom is about 10%s. What are the uncertainties in energy
and in frequency of the radiation?

Soln.: At =10%s, AE=?, Av =?

AEAt = h
4

E_ h

4. At
3 6.63x107*
C 4xzx107°
=5.23x107%J

E=hv

.. AE =hAv

_AE

T h

_ 5.23x107%

© 6.63x10°%

=7.89x10°Hz

AV

(3) (May22) The position and momentum of an electron with energy 0.5 keV is found with a
minimum percentage uncertainty in momentum. Find its uncertainty if the measurement of
position has a uncertainty of 0.5A.

Soln.: E=0.5keV=0.5x103x1.602x1071%J, Percentage uncertainty in momentum = ?,

AX =0.5x101%m.

APAX:L and P=+2mE

Az
AP = and P=+2mE
A7 x AX
34
Ap = 0:03x10 and P =+2x9.1x10"*"x0.5x10° x1.602x10™*°

 47x05x107°
AP =1.055x10* and P=1.207x10%

14
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Questions

Short Answer Questions

What is Planck’s law of radiation?
List out the characteristics of matter waves.
State and explain Planck’s law of radiation.
What are matter waves?
Define phase velocity and group velocity.
Obtain an expression for deBroglie wavelength.
State and Explain deBroglie hypothesis.
What are matter waves and mention their properties?
Derive the relation between Phase velocity and Group velocity.
. What is de-Broglie concept of matter wave? Explain the characteristics of matter wave.
. Define phase velocity and group velocity & obtain a relation between them.
. State Heisenberg Uncertainty Principle.
. Show that the electron does not exists inside the nucleus of an atom.
. Explain the principle of complementarity.
. State and Explain Heisenberg’s uncertainty principle.
. Explain why electron cannot exist inside the nucleus?
. State and Explain the Principle of Complementarity.
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Problems:

1. Compare the energy of photon with that of an electron when both are associated with a
wavelength of 0.2 nm.

2. Calculate the deBroglie wavelength of a 1000 kg automobile travelling at 100 m/s and a 0.1
kg bullet travelling at 500 m/s.

3. A fast moving neutron is found to a have an associated deBroglie wavelength of 2x10°
12'm. Find its kinetic energy and group velocity of the deBroglie waves using the relativistic
change in mass. (Mass of neutron = 1.675x10? kg)

6. Calculate the deBroglie wavelength associated with an electron with a kinetic energy of 2000
eVv.

7. Calculate the momentum of the particle and the deBroglie wavelength associated with an
electron with a kinetic energy of 1.5 keV.

8. Calculate the wavelength associated with an electron having kinetic energy 100 eV.
9. Calculate deBroglie wavelength associated with electron carrying energy 2000 eV.
10. Find the energy of the neutron in eV whose deBrogle wavelength is 1 A.

11. Calculate deBroglie wavelength associated with neutron of mass 1.674x1072" kg with 1/10%"
part of speed of light.
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12

13.

14.

15.

16.

17.

18.

19.

20.

. Calculate deBroglie wavelength associated with electrons whose speed is 0.01 part of the
speed of light.

What is the deBroglie wavelength of a proton whose energy is 3eV given mass of proton is
1.67x107% kg.

Find the kinetic energy and group velocity of an electron with deBroglie wavelength of 0.2
nm.

Calculate the deBroglie wavelength of particle of mass 0.65 MeV/c? has a kinetic energy 80
eVv.

Find deBroglie wavelength of a particle of mass 0.58 MeV/c? has a kinetic energy 90 eV,
where c is speed of light.

A particle of mass 940 MeV/c? has kinetic energy 0.5 keV. Find it deBroglie wavelength,
where c is speed of light.

Find the deBroglie wavelength of an electron accelerated through a potential difference of
182 V and object of mass 1 kg moving with a speed of 1 m/s. Compare the results and
comment.

The position and momentum of an electron with energy 0.5 keV are determined. What is the
minimum percentage uncertainty in its momentum if the uncertainty in the measurement of
position is 0.5A?

The speed of electron is measured to within an uncertainty of 2.2x10% m/s in one dimension.
What is the minimum width required by the electron to be confined in an atom?
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Wave Function

Introduction:
In general, a wave is characterised by periodic variation in some physical quantity.

For example — pressure varies periodically in sound waves whereas electric and magnetic fields
vary periodically in an electromagnetic wave. Similarly, whose periodic variations make up the
matter wave is called wave function.

Wave Function:

The variable quantity that characterises the deBroglie wave is called wave function. Wave
function in quantum mechanics accounts for the wave like properties of particle and is obtained
by solving a fundamental equation called Schrodinger’s equation.

The wave functions vary with respect to both position co-ordinates of the physical system and
the time (X, y, z & t) is called total wave function.

It is denoted by the capital form of Greek letter “P’. If the wave function has variation only with
position (X, y, z) it is denoted by the lower case Greek letter “y’.

The total wave function can be mathematically represented by the equation
P = Ag'txeD

Where A is a constant and w is the angular frequency of the wave

The above equation can be written as
¥ = Aee™

Where, ¥ = Ae'*is the space dependent wave function and is therefore time independent wave

—iot

function. e is the time dependent wave function.

The wave function y is a measure of finding the particle at a particular position (x, y, z) and at
time t.

The following are the basic properties of wave function:
1. The wave function v itself does not have any physical significance.
2. y is a positive or negative or complex quantity and hence it cannot be measured.

3.  is a function of space and time (r, t) coordinates and describes the behaviour of a single
particle or photon and wave nature.

4. v is a large magnitude where the particle (Photon, electron etc.,) to be located and small at
other places.

5. The probability of finding a particle at some point in space at time ‘t’ is a positive value
between 0 & 1; i.e., |y|? is real and +ve between 0 & 1.
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Probability Density:

In classical mechanics, the square of wave amplitude associated with electromagnetic radiation
is interpreted as measure of intensity. This suggests there will be a similar interpretation for de-
Broglie waves associated with electron or any particle.

Let t be a volume inside which a particle is present, but where exactly the particle is situated
inside 1 is not known

“If v is the wave function associated with the particle then the probability of finding the particle
in certain volume dt of T is equal to |y|? dt. So |y|?is called the probability density”.

[yl dv

This interpretation was first given by Max Born in 1926.

If the value of |y|?is large at a point in a given time, then the probability of finding the particle at
that point and time is more. If [y|?> = 0, then the probability of finding the particle is zero or less.

Therefore the total wave function can be represented by the equation,
\P — Aei(kx—wt) N (1)

Where A is a constant, o is angular frequency of the wave
The complex conjugate of ¥ is given by,

\P* — Ae—i(kx—(ut) _)(2)
From equation (1) and (2), ¥ is real and positive quantity which is called the probability
density.

. 2 *

lLe, |l//| =yy = A’
Therefore ¥ [2dx is the probability density in 1- dimension,
and W P dv is the probability density in 3-dimension.
Normalization:

According to Born’s interpretation the probability of finding the particle within an element of
volume is [¥ [ dv, since the particle is certainly present somewhere inside the volume dv.

Therefore “The integral of the square of the wave function over the entire volume in space must
be equal to unity” and mathematically it is represented as,

I|\|1|2 dv =1
Where, the wave function satisfying the above relation is the normalized wave function.

Very often ¥ is not a normalized wave function. If this function ¥ is multiplied by a constant A,
then the new wave function AY is also a solution of the wave equation. Hence the new wave
function is a normalized wave function, if

0

J|av

Ay|dv=1 or A’ Tww*dv=1
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|A|2 _ 1
[v'ydv
Where |A [?is known as normalizing constant, the quantity AW P represents probability.

Therefore, the process of constructing AY from W is called normalization of the wave function.

Limitations of wave function:

1. The wave function ¥ must be finite for all values of x, y, z and it is finite for a particular
point.

2. W must be single valued everywhere for each set of x, y, z and must have unique value.
3. ¥ must be continuous in all regions except where the potential energy V is infinite.

4. ¥ and its first derivatives d¥/dx, d¥/dy, d¥/dz must be continuous and single valued
everywhere.

5. ¥ must be normalised and in order that [¥ > dv over all space be a finite constant.
Expectation Value

In quantum mechanics, the expectation value is the probabilistic expected value of the result
(measurement) of an experiment. It can be thought of as an average of all the possible
outcomes of a measurement as weighted by their likelihood. Expectation value as such it is not
the most probable value of a measurement. In the real sense the expectation value may have

zero probability of occurring.

Let us consider a particle moving along the x axis. The result of a measurement of the position
X is a continuous random variable. Consider a wave function ¥ (x, t). The | ¥ (x, t)|? value is a
probability density for the position observable and | ¥ (x, t)[?dx is the probability of finding the
particle between x and x+dx at time t. Thus, if a measurement of position is repeated many
times in an identical way on an identical particle in identical circumstances, many possible
outcomes are possible and the expectation value of these outcomes is, according to the

following equation

o0

(x) = jx|1// X, t)|2dx

—0o0
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Properties of Wave Functions:

A system is characterised by its position, energy, momentum etc,. In quantum mechanics, the
state of a system is completely characterised by a wave function.

Physically acceptable wave function ¥ must satisty the following conditions,

1. ¥ is single valued everywhere

L
/l\ f1 F----=
h --—=

:
P X—=

If ¥ has more than one value at any point (at P, ¥ has f1, f> and f3) it would mean more than
one value of probability of finding the particle at that point which is obviously ridiculous.
Therefore, ¥ must be single valued everywhere.

NS

R X5

2. ¥ is finite everywhere

If ¥ is infinite at a point R there will be large probability of finding the particle at that point.
This violates the uncertainty principle, therefore ¥ must have a finite or zero value at that point.

3. ¥ and its first derivatives d¥/dx with respect to its variables are continuous everywhere

% |

X
¥ and its first derivatives must be continuous. Since the probability can have any value between
zero and one, the wave function must be continuous.
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Schrodinger’s Time Independent One Dimensional Wave Equation

Based on de-Broglie idea of matter waves, Schrodinger developed a mathematical theory for a
particle of mass ‘m’ moving with a velocity ‘v’ along x-direction associated with a wave of
wavelength,
PRI}
mv p

Where, p = mv is the momentum of the particle.

Let a wave function ¥ describing the de-Broglie wave travelling in +ve x-direction is given by,
w = Ael(kx ot) N (1)

Where VW is a total wave function, A is a constant and ® is angular frequency of wave.
Let us differentiate W (in equation 1) twice with respect to ‘x’ then

_W — A(ik)ei(kx—wt)

d '// A(Ik)Z i(kx—wt)

2 2
‘;X‘/Z’=—k2¢/ or ‘12+ky/ 0 —>(2) wit=-1
But k= 2z and A= h
A mv
2 2,2
K 2z mv K2 4r rr21 v
h h
Hence equation (2) becomes,
d’y  4r’m*v?
+ =0 —>(3
dXZ h2 l// ( )
The total energy E of the particle is the sum of kinetic energy T and potential energy V,
LE=T+V

Bt T=im? - imv-= (E-V)
2 2
or mZ»=2E -V) —(4)
Substitute this value of mv? in equation (3) we get
d? v, 8ﬂ m
d 2
This is known as time independent 1 - dlmensmnal Schrédinger equation.

== (E-V)y=0 —(5)

Equation (5) can also be extended for 3-dimensional space as,

dz// dl// dl// 87zm

(E-V)y =0 —(6)

dx? dy2 dz?
or Vi + 8” m (7)
2 2 2
where V%= @ 4, d

i dy?  dz?
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Equation (6) and (7) are the 3-dimensional time independent Schrodinger wave equation, where
Yis¥Y(x,y,z).

Eigen Functions and Eigen Values

“Eigen functions are those wave functions of quantum mechanics which possess the properties
that they are single valued, finite everywhere and also their first derivatives with respect to their
variables are continuous everywhere”.

When the Eigen functions are operated by quantum mechanical operators on physical quantities
like momentum, energy etc., of a system, the possible values are observed and these values are
called Eigen values”.

Ex: 1. If an operator say d/dx operates on a wave function ¥ = e®, then

deaX

dx
That is it produces the wave function multiplied by a constant. Such values obtained for a
physical observable are called Eigen values.

=ae* =a¥

Here ‘a’ is the Eigen value & ¥ = e is the Eigen function.
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Applications of Schrodinger wave equation to particle trapped in a one dimensional square
potential well
*** (Derivation of energy Eigen values and Eigen functions) ***

L

A=0 . H=
L —

Consider a particle of mass ‘m’ moving with a speed ‘v’ along x-axis is confined to a box of
length ‘L” with perfectly rigid walls at x = 0 & x = L as shown in the figure.

The particle does not lose energy when it collides with the walls so that its total energy remains
constant. The potential energy V of the particle is constant within the box which can be taken to
be zero for convenience.

V=0 for O<x<L —(1)
The potential energy of the particle is infinite on and beyond the walls of the box.

~V =0 for x<0 and x>L —(2)

As the particle does not exist on the walls and beyond them, the wave function W is zero.

~w=0 for x<0 x>L —(3)

The wave function W exists within the box only.

.. The Schrodinger’s time independent wave equation is,
d’y \ 87°m
dx*  h?

For the particle exists inside the box, V =0

E-vIy=0 —(4)

.. Equation (4) becomes
d’ 8z°m

dXZ +TEI//:O —)(5)
2
let S”h?‘E=k2 (6)

..Equation (5) becomes

((jj:/; +k?y =0 —(7)

This is the second order differential equation. The general solution of this equation is given by,
w = Asink x+Bcoskx —(8)

where, A & B are arbitrary constants, which are to be evaluated by using boundary conditions.

From the first boundary conditions, ¥ = 0 at x = 0, .. Equation (8) becomes,

0= Asin 0+Bcos0
Since, sin0=0 & cosO0=1, wehave B=0
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.. Equation (8) becomes,
w=Asinkx —(9)

From second boundary conditions, ¥ =0 at x = L, .. Equation (9) becomes,

0= AsinkL

OR
Asin kL=0
- A=0, sinkl=0 for all values of kL=nz where n=1,2,3,.......
nz

.-.k_T —(10)

By substituting the value of k in equation (9) we get general wave function called Eigen wave
function and Eigen energy equation.

w, = Asin (n{jx —(11)

This is known as Eigen function or Eigen wave function.
Similarly by substituting the value of k in equation (6) we get,

87°’mE n%z? n’h?
2 2 or = 2
h L 8mL
nzh?
Ingeneral E,= e (12)

This is the expression for Eigen values or Eigen energy values.

Thus, we see that in a potential well the particle cannot have an arbitrary energy, but it can have
only discrete energy values corresponding to n =1, 2, 3 ... are the Eigen values.

According to equation (11) if n =0, Wa = 0, which means that the particle doesn’t present inside
the box, which is not true. -- The value of E,= 0 for n = 0 is not acceptable. Hence the lowest
allowed energy corresponding to n = 1 is called the ‘zero-point energy or ground state energy’.
Thus zero-point or ground state of energy of the particle in an infinite potential well is given by,
2
E = h 5
8mL

The energy states corresponding to n >1 are called excited states.

Normalization:
To evaluate A in Eigen function W», one has to perform the normalization of the wave function.

The allowed solutions of the Schrédinger equation are the Eigen functions, according to the
equation.

w, = Asin (nT”jx —(13)
The complex conjugate of equation (13) is,
. = Asin (nf]x —(14)

To find the value of A, we use the normalization condition.
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ie., Tt//:y/ndx = T|l/l|2dX =1

In this case, the particle exists only within the box of length (L). .. The above equation can be
written as,

r 2
I|l//n| dx=1
0
By substituting the values of W, and \W»" in the above equation, we get
L
IAzsinzn—ﬁx dx=1
! L
L
Azjl(l—coszmjx dx=1 [-.-sinzAzl_CoszA}
2 L

5 2
2| L L
A— Idx—_fcoszn—”xdx =1
210y 5 L

2
AZ[L—ZLSin (2n7r)—0+0}:1 Here, for any value of n, sin2n 7 =0
nz

2
.'.AL:1 or A2=E or A:,lg
2 L L

Thus, by substituting the value of A in equation (13) we get normalized wave functions or Eigen
function of a particle in one dimensional infinite potential well.

v, = \Esin (nfjx —(15)

The first three eigen functions W1, W2, W3 together with the probability densities vl Ll v
and eigen values E1, E», Es are as shown in figure (a), (b) & (c) respectively forn=1, 2 & 3.

‘ 2

For n = 1, this is the ground state and the particle is normally found in this state.
Eigen function y, = Asin (%j X
W1= 0 for both x =0 and x = L and ¥1 has maximum value A for x = L/2
Atx=0and x =L, |1]>= 0 it means that the particle does not exist at the walls.

|¥1|?is maximum at x = L/2, it means that the particle exist at the centre of the well.
h2
T gmL?
This is the energy eigen energy value for ground sate.

. (27
v, = Asin (TJX

Y,=0forx =0, L/2 and L and ¥, reaches maximum value for x = L/4 and 3L/4.

For first excited state, n =2

Atx =0, L/2 and L, |2]>= 0 it means that the particle does not exist at 0, L/2 and L.
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[P2|? is maximum at x = L/4 and 3L/4

Energy Eigen values can be calculated by using equation,
B 4h?

2" gmL?

This is the equation to calculate the energy of the particle in first excited state.

. (37
v, = Asin (Tj X

W3=0for x =0, L/3, 2L/3 and L, and ¥s reaches maximum value for x = L/6, L/2 and 5L/6.
Atx =0, L/3,2L/3 and L, [¥3°= 0 it means that the particle does not exist at 0, L/3, 2L/3 and L.
[¥3|? is maximum at x = L/6, L/2 and 5L/6.

Energy Eigen values can be calculated by using equation,

9h?
E3 :W or E3:9E1

LZ

or E,=4E,

For second excited state, n=3

This is the equation to calculate the energy of the particle in second excited state.

e 5L Ly Ly Sifg

n=3 L/" . t{)a n=3 AA : anjl’- e EarQFI

L/3 u_/;

| 31 - f ! : -
n=d D ;H y, ™ 2 T 1% " m=d oz k€

I n= | E
n=1i H I, 1* %z !
n=l (t/ 1;(}:)' A =o Ly el 0 AL

=0 o . FPeg(h) ’ (c)

ig (@) af— ——

Wave Functions Prvﬁlaéi{f Y Funchions Evurge Lc w,“,
Problems:

1. Calculate the zero point energy for an electron in a box of width 10A.
0
Given, L=10A =10x10"°m, E,orE, ="
n’h?
8mL*
for ground state n =1

h? (6.63x10f

wkit, E, =

= - = 6.038x107%°J
8mL 8><9.1><10731><(10x10710)

_ 6.038x10°%
' 1.602x107%

2. An electron is bound in a one dimensional potential well of width 1A, but of infinite height.
Find the energy value for the electron in the ground state.

1:

eV = 0.376eV

0
Given, L=1A=1x10""m, E,orE,=7?
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wkt;, E =——

for ground state n =1
L (6.63x10f
8mL 8><9.1><10_31><(1><10_10)2
_ 6.038x10"°
' 1.602x107

3. An electron is trapped in a one-dimensional box of length 0.1 nm. Calculate the energy
required to excite the electron from its ground state to the 2™ excited state.

= 6.038x107"%J

eV =37.69eV

Given, L=0.1nm =0.1x10°m,E,orE, =?

n*h?
" 8mL?
for ground state n =1
e __h? _ (6.63x10°%*
t8mL® 8x9.1x10%'x(0.1x10° ¥
_ 6.038x107*®
' 1.602x107"°
for 2nd excited state n =3
~9n*  9x(6.63x10*)°
8ML*  8x9.1x10 ' x(0.1x107°)
E, =9xE, =9%x37.691 =339.219eV
The energy required to excite the electron from its ground state to the 2nd excited state is,
- E=E,-E, =(339.219-37.691)eV
E=301.528eV
4. Calculate the lowest energy of the system consisting of three electrons in a one - dimensional
potential box of length 1A,

wkt; E

= 6.038x107"%J

eV = 37.691eV

- = 339.219eV

E,

0
Given, L=1A=1x10""m, E,orE, =?
n’h’
8mL?
for lowest energy n =1

g _ (6.63x10*
8mL? 8><9.1><10731><(1><10710)2
1.8114x107"

1T 1.602x107°

wkit; E, =

=1.8114x107""J

eV =113.07 eV

5. Anelectron is constrained to a one-dimensional box of side 1nm. Calculate the first 3-eigen
values in electron volt.
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Given, L=1nm =1x10°m, E,orE,=?, E, =?, E,=?
2l 2
L
8mL:
2 34 \2
L (6.63x10 ) = 6.038x10°]
8mL 8><9.1><10731><(1><1079)
6.038x10°%°
B = s
1.602x10
For 2nd & 3rd excited state n=2&n=3

E, = 4xE, =4x0.376 =1.504eV
E, = 9xE, =9x0.376 =3.384¢eV

6. An electron is trapped in one-dimensional infinite potential box of width 0.1nm. Calculate
its wavelengths and energies corresponding to first two excited states.

Given, L=0.1nm =0.1x10°m, E, =?, E,; =2, 4, =2, A, =?

w.k.t; for ground state n =1

eV = 0.376eV

n%h?
8mL?
for first excited state n = 2

2 —-34\2
4h? 4(6.63x107*) 4151073

?8mL° 8x9.1x10°'x(0.1x10°f
_ 2.415x107Y
?  1.602x107"

for second excited state n =3

2 —34 2
oh? _ 9(6.63x10*) 543410173

°8mL®  8x9.1x10*'x(0.1x10°

_5.4354x107"
° 1.602x107'°

wkit; E, =

eV =150.76eV

eV = 339.215eV

w.K.t; A, = 2L
n
For first excited state n=2
2L
Sy

A, =L =0.1x10"°m = 0.1nm
For second excited state n =3
2L 2x0.1x107°
-3 3
A, = 6.666x<10"'m = 0.066x10°m =0.066 nm

As

7. An electron is trapped in one-dimensional infinite potential box of width 0.15nm. Calculate
the amount of energy required to excite an electron from ground state to 3" excited state.
Given, L=0.15nm =0.15x10°m, E=E, -E, =?
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2182
wk.it; E, =n—h2
8mL
for ground state n =1and for third excited state n = 4
E_p_g _&h_h _@6-1n’ _  (@5)x(6.626x10) . o o
77 8ml® 8ml®  8mL®  8x9.1x10*x(0.15x10°° '
9.102x107*°

8. A quantum particle confined to one dimensional box of width ‘@’ in its first excited state.
What is the probability of finding the particle over an interval of ‘@/2’ marked
symmetrically at the centre of the box?

Soln.
The probability of finding the particle can be obtained
+“—x=al2— 2 by )
T p. = [ v dx
n=1 ]
x=0 Xx=a

Let a particle be in box of width ‘@’,. let p. be the probability occupation in the region (a/2 = 3a/4
- al4) symmetrically at the centre therefore the probability of finding the particle in this region in
first excited state is obtained by

0, - J-3a/4|‘//2|2dx _ J';z"‘ \/gsin (nTﬁ)erX = J:ZM% sin 2(2_;)de

a/4

3a/4 3a/4]

P, = gf’z’“%[l- cos2(2= )k dx =1 [x| e -2 ()X

al

p, =1[3a/4 - a/4 + 2—sin2 (22 Ba/4 - 73-—sin2 (2 Ja/4] = L [a/2 + 0-0] =4 = 0.5 =50%

The probability of occupation in the region a/2 at the centre of the box in the 1 excited state is
50%.
9. The ground state energy of an electron in an infinite well is 5.6 MeV. If the width of the
well is doubled, calculate the ground state energy.
Given data: E, =5.6meV =5.6x10"eV whenwidtha, E' =?whenwidtha' =2a,

o, R
S gmar 5 T gm(2a)’
e (g
EE 1 4
~E = % = 56XT]-O_3 =1.4x107%eV =1.4 meV

10. An electron is trapped in a 1-D potential well of infinite height and of width of 0.1nm.
Calculate the energy required to excite it from its ground state to fifth excited state.

Given data: a= 0.1nm = 0.1x10°m, E = Eg-E1 = ?
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n2h?

E=
8ma?

(Note: when n=1 ground state, n-6 for 5" first excited state)

12 x(6.63x10°* )
8x9.1x107* x (0.1>< 10°° )2
For 5th excited state, n =6

_ 6°x(6.63x10
" 8x9.1x10*x(0.1x10°°f
-.E =E;—E, =1357eV —37.69eV =1319.31eV

Ground state E, = =6.038x107'%J =37.69eV

~E =2.174x107J =1357eV

Questions:

o g ~ w b

10.

11.

12.

13.

14.

Define wave function? Mention its basic properties.

What is a wave function? Explain its physical significance.
Discuss the physical interpretation of wave function?
Discuss about probability and normalisation condition.

Set up time independent Schrodinger’s wave equation.

Derive Time independent Schrodinger wave equation for a particle moving in one
dimension.

Explain the significance of wave function and set up time independent Schrédinger’s wave
equation.

Describe Eigen functions and Eigen values.

Derive the expressions for eigen values and eigen functions of a particle in one dimensional
potential box.

Solve Schrodinger wave equation for allowed energy values in case of a particle in a
potential box.

Obtain the expression for normalised wave function for a particle in one dimensional
potential box.

Assuming the time independent Schrodinger’s wave equation, discuss the solution for a
particle in one dimensional potential well of infinite height,

Discuss and mention the energy eigen values, eigen wave functions and probability
densities for a particle in 1-dimensional box for atleast 3 states.

Discuss the energies of a free particle using time independent Schrodinger equation.
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Problems:

1. An electron is confined to a one dimensional box of width 1 nm. Calculate the first three
Eigen values in eV.

2. An electron is bound in a one dimensional box of width 4 X 102 m. compute the energy
and de-Broglie wavelength of ground and first excited states.

3. Find the energy of an electron in the ground state, when it is trapped in an infinite potential
well of width 2A.

4. An electron is bound in one dimensional potential well of width 1A but of infinite height.
Find its energy values in ground state and first two exited states.

(62}

. Estimate the time spent by an atom in the excited state during the excitation and de-excitation
processes, when a spectral line of wavelength 546 nm and width 1014 m is emitted.

6. An electron is confined to a box of length 107° m, calculate the minimum uncertainty in its
velocity.

\l

. The position and momentum of 1 keV electron are simultaneously determined. If it position is
located within 1A, find the uncertainty in the determination of its momentum.

oo

. A spectral line of wavelength 4000 A has a width of 8 x 10 °A. Evaluate the minimum time
spent by the electrons in the upper energy state between the excitation and de-excitation
processes.

©

. The inherent uncertainty in the measurement of time spent by Iridium 191 nuclei in the
excited state is found to be 1.4x107%. Estimate the uncertainty that results in its energy in
eV in the excited state.

10. An electron is bound in one dimensional potential well of width 0.18 nm. Find the energy
value in eV of the second excited state.

11. The first excited state energy of an electron in an in finite well is 240 eV. What will be its
ground state energy when the width of the potential well is doubled?

12. A quantum particle confined to one—dimensional box of width ‘@’ is in its first excited state.
What is the probability of finding the particle over an interval of a/2 marked symmetrically
at the center of the box.
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Free Particle
Energy Eigen values for a free particle:

Free particle means, it is not under the influence of any kind of field or force. Thus it has zero
potential, i.e., V = 0.

Hence Schrodinger’s equation becomes,

d? 87°m
dx"z’z— T (E-V)y =0
2 2
Since V =0, %T'/le—szzm Ew =0

The above equation holds good for a particle for which the potential v=0 over the entire space
(No boundaries at all).

We know that in the case of particle in an infinite potential well, the condition V=0 holds good
only over a infinite width ‘L’ and outside region, V=2,

Since for the free particle, V = 0 holds good everywhere, we can extend the case of particle in an
infinite potential well to the free particle’s case, by treating the width of the well to be infinity,
i.e., by allowing L = oo,

We have the equation for energy Eigen values for a particle in an infinite potential well as,

n*h?
" 8mL?
Where,n=1,2,3,.....
Rearranging the above equation, we have,
n=2-2Em

Here, we see that for a particle with constant energy E but confined in the well, n depends
mainly on ‘L’. Hence as L— oo, n—o0. If the particle is no more confined in any sort of well but
free, at that time it also follows that n = o, which essentially means that a free particle can have
any energy i.e., the energy Eigen values or the possible values of energy are infinite in number.
Keeping the energy level representation in the mind, we say that the permitted energy values are
continues. All these mean, there is no discreteness in the allowed energy values. In other word,
there is no quantization of energy in case of a free particle and the problem is dealt in classical
mechanics. Thus a free particle is a classical entity.

https://www.youtube.com/watch?v=tIM9vqg-bepA

https://www.youtube.com/watch?v=v9DPzMoWpc0

https://www.youtube.com/watch?v=814x4vbMPOc
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Electrical Conductivity in Metals

Introduction:
Materials can be classified into three types based on the conductivity of heat and electricity.
They are;

1. Conductors (Example : Metals — Copper, Aluminum, Silver, Gold)

2. Semiconductors (Example : Germanium, Silicon)

3. Insulators ( Example : Wood, Mica, Glass)

Electron Theory of Metals
The electron theory of metals explains the following:

e Structural, electrical and thermal properties of materials.

e Elasticity, cohesive force and binding in solids.

e Behaviour of conductors, semiconductors, insulators etc.,
In solids, electrons in the outermost orbit of atoms are called valance electrons, which
determine the properties of the materials. The electron theory is applicable to all solids (both
metals and non-metals). This theory explains the electrical, thermal and magnetic properties of
solids.

Quantum Free Electron Theory (Summerfeld Theory):

To overcome the drawbacks of classical free electron theory, Sommerfeld proposed quantum
free electron theory. He treated electron as a quantum particle. He retains the vital features of
classical free electron theory and included the Pauli Exclusion Principle & Fermi-Dirac
statistics. The following are the assumptions of quantum free electron theory.
1. The free electrons in a metal can have only discrete energy values. Thus the energies
are quantized.
2. The electrons obey Pauli’s Exclusion Principle, which states that there cannot be more
than two electrons in any energy level.
3. The distribution of electrons in various energy levels obeys the Fermi-Dirac quantum
statistics.
4. Free electrons have the same potential energy everywhere within the metal, because
the potential due to ionic cores is uniform throughout the metal.
5. The force of attraction between electrons & lattice ions and the force of repulsion
between electrons can be neglected.
6. Electrons are treated as wave-like particles.

Fermi - level, Fermi - enerqy and Fermi - factor

As we know that for a metal containing N atoms, there will be N number of energy levels in
each band. According to Pauli’s exclusion principle, each energy level can accommodate a
maximum of two electrons, one with spin up (+%) and the other with spin down (-%2). At
absolute zero temperature, two electrons with opposite spins will occupy the lowest available
energy level. The next two electrons with opposite spins will occupy the next energy level and
so on. Thus, the top most energy level occupied by electrons at absolute zero temperature is
called Fermi-energy level. The energy corresponding to that energy level is called Fermi-
energy.
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The energy of the highest occupied level at zero-degree absolute is called Fermi energy, and
the energy level is referred to as the Fermi level. The Fermi energy is denoted as Er.

All energy levels below Fermi level are completely filled and above which all energy levels are
completely empty.

Vacant energy levels
\

X T=0K

EF

— Energy
—

—y

.ll ™= Filled enerqy levels
Fermi Energy

At temperatures above absolute zero, the electrons get thermally excited and move up to higher
energy levels. As a result, there will be many vacant energy levels below as well as above
Fermi energy level. Under thermal equilibrium, the distribution of electrons among various
energy levels is given by statistical function f(E). The function f(E) is called Fermi-factor and
this gives the probability of occupation of a given energy level under thermal equilibrium. The
expression for f(E) is given by

1
f(E)=m

Where f(E) is called Fermi-Dirac distribution function of Fermi factor, Er is the Fermi energy,
k is the Boltzmann constant and T is the temperature of metal under thermal equilibrium.

Note: 1. The Fermi-Dirac distribution f(E) is used to calculate the probability of an electron
occupying a certain energy level.
2. The distribution of electrons among the different energy levels as a function of
temperature is known as Fermi-Dirac distribution function.

Variation of Fermi factor with Energy and Temperature

Let us consider the different cases by considering the Fermi factor equation

1
f(E)Zm

Case (i) : f(E)forE<EratT =0K;

When; E<Er & T =0 K, from the probability function f(E) we have

1 1
f E = = —
( ) e”+1 0+1

ie,f(E)=1forE<EratT=0K.
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This implies that at absolute zero temperature, all the energy levels below Er are 100%
occupied which is true from the definition of Fermi energy.

Case (i) : f(E)forE>EFatT =0K;
WhenE >Er & T =0 K, then f(E) becomes
f(E)= 1 1 1,
e”+1 o+l oo
ie,f(E)=0 forE>Erat T=0K.

This implies that at absolute zero temperature, all the energy levels above Er are unoccupied
(completely empty) which is true from the definition of Fermi energy.

Case (iii) : f(E)forE=EFat T=0K;

WhenE =Er & T =0 K, then f(E) becomes
1 .
f(E )= ——— = Indetermin ate
( ) e +1
e, f(E) = forE=EratT=0K,
Hence, the occupation of Fermi level at T = 0 K has an undetermined value ranging between
zero and unity (0 & 1). The Fermi-Dirac distribution function is discontinuous at E = Er for
T=0K

Case (iv) :-f(E) forE=Erat T >0 K;

WhenE =Ef & T >0 K, then f(E) becomes

1 1 1
fE: SRR . —
(E) e®+1 1+1 2
ie,f(E)y=% forE=EratT>0K.

If E « Ef, the probability starts decreasing from 1 and reaches 0.5 (*2) at E = Ef and for
E > Epr, it further falls off as shown in figure. In conclusion, the Fermi energy is the most
probable or average energy of the electrons in a solid.

The variation of Fermi factor with energy and temperature is as shown in figure given below.

HE) T,K< T,K< TaK
1.0 ooy le——T=0K
N
x T,K

05fF—=—=-=——=--=~-~- \

\

N 7,K

\ ~—T3K

0.0 .
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Importance of Fermi Energy

» Fermi energy level is used to separate the vacant and filled states at 0 K.

> Itisused to know the status of the electrons.

> Electrons are completely filled below the Fermi energy level and completely empty above
the Fermi level at 0 K.

» Above 0 K some electrons absorb thermal energy and they jump to the higher energy
levels.

Expressions for electrical conductivity and resistivity as per quantum free

electron theory.

_nez(ﬂj _1_m*(vFJ

o= —| — or p=—=—| -

m" { Vg o ne"( 4

Where o is the electrical conductivity of the metal

n is the number of free electrons per unit volume
m* is the effective mass of an electron
A is the mean free path of electron
Ve is the Fermi velocity of electron
p is the resistivity of the metal

Merits or Success of Quantum free electron theory:

The quantum free electron theory solves the flaws of the classical free electron theory which
are discussed below.

1. Specific heat of free electrons: According to quantum free electron theory, the electrons
occupying energy levels close to Er can absorb heat energy. Such electrons constitute a
very small percentage of the total number of free electrons. Hence the specific heat of free
electrons is given by

:&RT

F
Since the value of Er ranges from 1 to 10 eV, by taking a typical value of EF =5 eV, we get

& ~ 1074

F

-.C,=10"RT

Cy

which is in agrees well with the experimental results.

2. Temperature dependence of resistivity or conductivity in metals: According to
quantum free electron theory, the expressions for electrical conductivity & resistivity of a
metal are given by

ne [ ! j m'v, (VF J
= el B or pP= — |
m* { vp ne“A\ 4

In the above expression only the mean free path A is the temperature dependent quantity.

o
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oo A - @

In classical theory, the collision was seen as a particle bouncing off another. In the quantum
understanding, an electron is viewed as a wave travelling through the medium. If r represents
the amplitude of the oscillation of the lattice ions can be considered to present a circular cross
section of area wr? that blocks the path of the electron waves. Hence electron waves are
scattered more effectively results in a reduction of mean free path (A). Thus A is inversely
proportional to the area of cross section.

e, Ao - (2)

But the area of cross section nr? is directly proportional to the absolute temperature.
H 2
le., rreoc T

1
Ao = - (3
= 3)

By substituti ng the values of A in equation (1) we get
1
O — or o T
T P

This is exactly same as the experimental prediction. Thus quantum free electron theory
properly explains the dependence of ¢ onT.

3. Dependence of electrical conductivity on electron concentration: According to quantum
free electro theory, the electrical conductivity in metals is given by

_ne’( 4
m* \ vp

From the above equation it is clear that the electrical conductivity depends on both the

o

) A
electron concentration n and (— )
VF

If we compare the cases of copper and aluminium, the value of n for aluminium is 2.13

times higher than that of copper. But the value of A/vr for copper is about 3.73 times higher
than that of aluminium. Thus the conductivity of copper is more than that of aluminium.

Problems :

1. The free electron density of aluminium is 18.10x10% m. Calculate its Fermi energy at
0 K. Planck’s constant and mass of free electron are 6.626x1073* Js and 9.1x103! kg.

Solns.

n=18.10x108 m3

Planck’s constant, h = 6.626x103* Js
Mass of an electron, m = 9.11x10-3! kg

o _(h Y3\ _((60626x10)? | 318.10x10% |
o \8m Az 8x9.11x10™* 7;
-18 5
~1.8689x100) = =000~ _ 14 65 gy

1.602x107*°
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2. Calculate the density of states for copper at the Fermi level for T = 0 K. Given that,
electron density of copper is 8.5x10%8 electrons /m?3,

Solns.
n=8.5x1028 m=:
Planck’s constant, h = 6.626x1034 Js
Mass of an electron, m = 9.1x103! kg
3/2 2/3
7 (8m 1 h? ) 3n
E)dE=—| —| E.2dE where, E.=| — | —
wewe - e e o, £,

T

) 213 _34 2 28\2/3
E, :(:_J(B_”j z((6'626"10 ) j(?’XS'MO j ~1.1293x1078J = 7,05 eV
m

V4 8x9.1x10™* Vs
smY"'? _ 8x9.110°% |
g(E):Z(—zj Es=2) 2222 | x7.05Y2
2(h 2| (6.626x10

3. Find the probability of an electron occupying an energy level 0.02 eV above the Fermi
level at 200 K and 400 K in a material.

Solns.
E -Er=0.02 eV =0.02x1.602x1019 J = 3.204 x1021 J
Ti1=200K & T, =400 K

1 1 1 1
f(E)am - pE-Ee)KT | q - [ 3.204x1072 ] - e115%) | 1 - 3188+1 =0.24
e 1.38x10"%*x200 1

1 1 1 1

fB)u, = e ;7 = T “ 1785541 00
1

1.38x1072%x400
e +

4. Show that the sum of the probability of occupancy of an energy state at AE above the
Fermi level and that at AE below the Fermi level is unity.

Solns.
Let f(E)Z is the probabilit y of ocuupation abobe the Fermi level at energy E = (E; + AE)
&
f(E) is the probabilit y of ocuupation below the Fermi level at E = (E, — AE)

ST. fER+f(ER=1
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1
We know that f(E)= T
For energy above the Fermi level, E=(E,+AE) or E-E.=AE .. f(E}= W
+
For energy below the Fermi level, E=(E.-AE) or E-E.=-AE .. f(E} = e(AE)}kT

1 1
e(AE)/kT +1 + e—(AE)/kT +1

CHER+T(E) =

Put  eUE —x o e L pence
X

f(ER+f(ER = t ottt x Ixxy
Xx+1 1+1 x+1 ¢ x+1 1+x x+1

R+ HE -1 X

+1

5. Calculate the probability of an electron occupying an energy level of 0.05 eV at 200 K

above and below the Fermi level.
Soln.

E—-E,=005eV, T=200K
f(ER =2 &Ff(E) =2

For energy above the Fermi level, E =(E.+AE) or E—E, =0.05eV =0.05x1.602x10™]
1 1 1 1

AL T=200K., f(E) = N\ - - - 0.2385
(e [w] e %741 3.1927+1 4.1927
e 1.38x107°°x500 +1
For energy below the Fermi level, E=(E,—AE) or E-E,=-AE .. f(E)= pe o
e +
. At T=200K., f(ER = L -1 L L _o7615

E [w] e 1% 1T 03132+1 1.3132
e 1

1.38x10723x500
_l_

- f(ER + f(E) =0.2385+0.7615=1

6. Find the temperature at which there is 1 % probability that a state with 0.5 eV energy above

the Fermi energy is occupied.
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Soin.

E-E, =0.5eV =0.5x1.602x10™"]
f(E)=1% =0.01

T=2
1 1 1
W KT f(E)=memwm g or  001= EZTia e
e 1.38x10 23xT L1 € T
or 0.01= L = :

[0.5xl.602x10'19] [5804]
1.38x10723xT T

e +1 € +1
5804 5804

e(T)u:i:loo or e[T)=100—1=99
0.01

9804 _1n(09) = 4595 or T=5%% _1263k
T 4,595

7. The Fermi level in potassium is 2.1 eV. What are the energies for which the probability of
occupancy at 300 K are 0.99, 0.01 and 0.5?

Soln.

For potassium E. =2.1eV
Find, E, = ?for f(E,)=0.99
Find, E, = ?for f(E,)=0.01
& Find, E, = ?for f(E;)=0.5

1 ® 1

Taking natural logarithm on both sides, we get,

E_Elen( L —J or E:EF+kTIn( 1 —j
kT f (E) f(E)

- E, for f(E,) is given by
-23
E,=E, +KTh| - = 1]=2.1 13940 "x300 In( 1 —1)
f(E,) 1.602x10 0.99
=2.1+0.02584x(—4.5950) = 2.1-0.1187 =1.9813 eV
slly E, for f(E,) is given by
-23
q)_pq, 1:38X0 x?gooln( 1 _1]
) 1.602x10 0.01
=2.1+0.02584x(4.5950) = 2.1+ 0.1187 = 2.2187 eV
slly E, for f(E,) is given by

-23
E,;=E; +kTIn(f(1 ) —1J:2.1+Mln(i—lj

E,=E-+KkTin :
f(E

] 1.602x10%° (0.5
=2.1+0.02584x(0) = 2.1+ 0=2.1eV
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8.

© 0o~ w DD =

10.

11.

12

Calculate the Fermi energy in eV for a metal at 0 K, whose density is 10500 kgm2, atomic
weight is 107.9 and it has one conduction electron per atom.
Solns.

Density of metal, p = 10500 kgm3
Atomic weight of metal, wt. = 107.9

Fermi energy, EF=?
We know that the concentration of electrons in metal, n is given by

N density( o) x Avogadro' s costant(N ,) X no. of free electrons per atom

atomic weight (wt.)

~ 10500 x 60022x10% x 1
107.9

e (1 (3)2’3@2,3_ (60626x10*)? | 3x5.816x10” |
o 8m\x 8x9.11x10* ™
-18
—8.8173x100) = S50 _ 559y

1.602x107°

=5.861x10%m™

REVIEW QUESTIONS

Long Answer Questions:
Define the terms: Fermi-level, Fermi-energy and Fermi-factor.
Mention the drawback/Failures of classical free electron theory and explain them.
What are the assumptions of quantum free electron theory?
Define the terms: Fermi-temperature, Fermi-velocity and density of states.
What are the successes of quantum free electron theory? Explain.
How quantum free electron theory successfully explain the failures of classical free
electron theory.
What are the merits of quantum free electron theory? Explain.
Write down the Fermi-Dirac equation for the probability of occupation of an energy level E
by an electron. Show that the probability of its occupancy by an electron is zero if E > E;
and unity if E < E; at temperature 0 K.
Define Fermi factor. Explain Fermi Dirac distribution for electrons in a metal at
temperature T=0Kand T >0 K.
Write an expression for the Fermi energy distribution function f(E) and discuss its behavior
with change in temperature. Plot f(E) versusE for T=0K,and T >0 K.
Explain the dependence of electrical conductivity on temperature and electron
concentration on the basis of classical free electron theory.

. Write down the difference between classical and quantum free electron theories.
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Problems:

1. Obtain the value of f(E) for E - EF=0.01 eV at T = 300 K.

2. Find the probability that an energy level at 0.2 eV below Fermi level being occupied at
temperatures 300 K and 900 K.

3. At what temperature can we expect a 10% probability that electron in silver have an energy
which 1% above the Fermi energy? The Fermi energy of silver is 5.5 eV.

4. Evaluate the Fermi function for an energy 0.04 eV at T= 330 K above the Fermi energy.

5. Show that the probability of occupation above the fermi level is same as the non-

occupation probability below the fermi level for given energy and temperature.

* % % % END % % % %

10
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DIELECTRICS

Introduction:

Dielectrics are insulating or non-conducting materials and are used in many applications such

as capacitors, memories, sensors and actuators. Dielectrics are insulating materials they exhibit

the property of electrical polarization. In principle all dielectrics are insulators but all insulators

are not dielectrics. Although these materials do not conduct electrical current when an electric

field is applied, but the field may cause a slight shift in the balance of charge within the

material to form an electric dipole.

1. Dielectrics are the substances which do not possess free electric charges under ordinary
circumstances. e.g., glass, mica, plastic etc.,

2. Dielectric materials are those which have attaining polarization when electric field is
applied.

3. Adielectric is mainly characterized by its dielectric constant.

Dielectric constant (g or K)

The dielectric constant of a material is defined as the ratio of the permittivity of the medium (¢)
to the permittivity of free space (g,). It can also be defined as the ratio of the capacitance of a
capacitor with dielectric (C) to the capacitance of the same capacitor with air (Co).

] & C

ie., &E=— 0OF & =—
60 CO

ie., K =& or K :3
& C

o]
Where ¢, is called dielectric constant or relative permittivity (ability of the material to store
electric charges).
Electric dipole and Dipole moment:

A pair of equal and opposite charges separated by a very small distance is called an
electric dipole.

+q — -q
p
Q—<—

fe————
2¢

The product of the magnitude of either of the charges and the distance of their
separation is called the dipole moment
e, u=qx2l
Types of dielectrics:

Dielectrics are mainly divided into two groups, namely Polar and Non polar dielectrics.

Polar dielectrics: The molecules in which the center of gravity of positive charges is separated
from the center of gravity of negative charges by a finite distance are called polar molecules.
Polar dielectric materials possess permanent electric dipoles in the material and are oriented in
random directions so that the net dipole moment of the material is zero in the absence of
applied electric field. If polar dielectric materials are placed in the external electric field then
all dipoles tend to align in the field direction and hence net dipole moment develops cross
dielectric material.

Materials like KI, HCI, CO, H20, NHs etc., are the examples for polar dielectrics.

11
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Non-Polar dielectrics: The molecule in which the center of gravity of positive charges
(protons) coincides with center of gravity of negative charges (electrons), then the molecule is
known as nonpolar molecules.

Non polar dielectric materials do not possess permanent electric dipoles. Thus the net dipole
moment across the material is zero in the absence of external electric field. In non-polar
dielectric materials dipoles are induced due to the applied electric field which results in the net
dipole moment in the dielectric material in the direction of the applied field.

Elementary gasses like He, He, Ne, Ar & Xe and H», N, Cl; etc., are the examples for non-
polar dielectrics.

Polarization: In the absence of external electric field, dipoles are randomly oriented within the
dielectric and the net dipole moment is zero. When an electric field is applied to a dielectric
slab, all the dipoles are oriented in the direction of the field and hence the dipole moment
increases. This is known as polarization.

Polarization is defined as the net dipole moment per unit volume.

p_H
v

Dielectric Polarization: The displacement of charges in the molecules of a dielectric under the

action of applied electric field, leading to the development of dipole moment is called

dielectric polarization or electrical polarization.

Polarization is directly proportional to the applied electric field and the number of molecules

per unit volume.

ie.,

ie,PcE or P=qaE
and pe<cNE or P=aNE

Where o is known as polarizability. It is defined as the ratio of polarization to the applied
electric field

We also know that, the flux density in the absence of dielectric is given by
D=¢gE
And the flux density in the presence of dielectric is given by
D=¢e¢E
By using the above equations, we can also show that,
p =g —1)E

Where P is polarization, ¢, is dielectric constant and &, =8.854x10**F /m is the permittivity
of free space.
Types of Polarization: There are four types of polarization, namely

(1) Electronic Polarization (Pe)

(2) lonic Polarization (Pe)

(3) Orientation Polarization (Po)

(4) Space charge Polarization (Ps)

12
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(1) Electronic Polarization:

E=0 E>O0
This polarization involves the separation of the center of the electron cloud around an
atom with respect to the center of its nucleus in dielectric material under the application of
electric field. Hence dipoles are induced within the material. This leads to the development of

net dipole moment in the material and is the vector sum of dipole moments of individual
dipoles.

It is independent of the temperate.
The expression for electronic polarizability is given by
a, = & (& -1
N
where N is the number of free electrons per unit volume.
(2) lonic Polarization:

= 47¢,R®

OQe0®0 0o 0o 0
CHONCHONC @ 0O Qo
ONCHONNC ©e 06 O
CHONCNONC ® O O
E=0 E>0

This polarization occurs in ionic solids such as sodium chloride etc., lonic solids
possess net dipole moment even in the absence of external electric field. But when the external
electric field is applied the separation between the ions further increases. Hence the net dipole
moment of the material also increases.

The lonic polarization occurs in ionic molecules such as HCI, NaCl, etc., It is also
temperature independent quantity.

The expression for ionic polarizability is given by

P 1
o =—==—0a,
ng 10
(3) Orientation Polarization:

O™ o e =
S = D 2
S jf 2> 2
T =@ B

E=0 E>0

This polarization occurs in polar dielectric material, which possesses permanent electric
dipoles. In polar dielectrics the dipoles are randomly oriented due thermal agitation. Therefore,
net dipole moment of the material is zero. But when the external electric field is applied all

13
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dipoles tend to align in the field direction. Therefore, dipole moment develops across the
material. This is referred to as orientation polarization.

It is dependent on temperature. i.e., it is inversely proportional to the temperature.
The expression for orientation polarizability is given by

(4) Space Charge Polarization:

E=0 E>O0

This polarization involves limited movement of charges resulting in alignment of
charge dipoles under applied field. This occurs in multiphase dielectric materials in which
there is a change of resistivity between different phases. This usually happens at the grain

boundaries or lattice defects and localized charge is set up. Since this is very small it can be
neglected.

Internal fields in Dielectrics
Internal field - Definition:
When a dielectric material is placed in the external electric field, polarization occurs.
Hence the net electric field at any point within the dielectric material is given by the sum of

external field and the field due to all dipoles surrounding that point. This net field is called
internal field or Local field.

Expression for Internal field in case of one dimension

v

E B A F
= z = . ) ot N S
OO0 6
S A e Nk ot Mt K
b Fg = = - € >
a oA Yoo ! a oA oA !
< i = ;
' 2a | 2a ' i
:!lﬁ : 3a :

Consider a dielectric material placed in the external electric field E. Consider an array
of dipoles in the polarized dielectric material as shown in the figure. Let a be the distance
between two successive dipoles in the array.

The internal field at a dipole ‘X’ due to all dipoles in the array is given by

12u
3 —>(@1)

E =E+
T&a
where p is the dipole moment, g is the permittivity of free space and a is the inter dipole
distance in the array.

E =E+ 12“5 N
rga

14
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here « is polarizability. Since a, o and a are positive quantities the local field Ei > E.
Expression for Internal field in case of three dimensional array of atoms - Lorentz Field

For three dimension % could be replaced with number of dipoles per unit volume N and 12
T

could be replaced with y in equation (2), we get

- Q)

E-e+Y S

Here the polarization P = NaE.
For an elemental solid dielectric material y = 1/3, Thus equation (4) becomes
E, =E +i —(5)
3¢,
Here E; = EL and hence the above equation is the expression for Lorentz field.
Derivation of Clausius - Mossotti equation:
Consider an Elemental solid dielectric material. Since it doesn’t possess permanent

dipoles, for such material, the ionic and orientation polarizabilities are zero. Hence the
polarization P is given by

P=Ne,E, —(1)

When we substitute the value of E, =E + 31 in the above equation (1) we get,
Eo

P=Nae(E +31j —(2)

€0

Again substitute the value of P =g,(&, —1)E in the above equation, then

&, —1)E = Nae[E +MJ
3&,

&(e, ~1)E = Nae(E +%}

& (e, —1)E = NaeE(1+ Q]

B 3¢, —1)
50(8r—1)—N e[ 3 j
o (e+2)
(6, -1)=Na, 36,
Ne, _ (gr —1) N

3s, (¢ +2)
Equation (3) is called Clausius-Mossotti relation or equation.
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Solid, liquid and gaseous dielectrics:
Two most important applications of dielectric materials are as insulation material and

as medium in capacitors. For insulation materials application the dielectric is required to have
low dielectric constant, low dielectric loss, high resistance and high dielectric strength.

Solid insulating materials: - Polymers and ceramics are the widely used Solid
insulators. A variety of plastics, rubbers, waxes, paper, synthetic fibers and fabrics are applied
in the form of films, sheets, slabs, tapes, sleeving, tubing, rods and mouldings.

Liquid insulating materials: - Liquid insulating materials are mainly mineral oils and
synthetic oils, which are used for the purpose of insulation as well as cooling in transformers.

Gaseous insulating materials: - Gases are good insulators and work well as heat
transferring media. E.g., air, nitrogen, inert gases, hydrogen, CO., etc.

Application of dielectrics in transformers: - A transformer is a device used for
transmitting power from one circuit to another or from one place to another place. It consists of
two windings, primary and secondary windings, linked by a common magnetic flux. During
the construction of transformers, the windings are filled (or saturated) by varnishes. In case of
H.V. transformers used in distribution of power where very high voltages are present, proper
provisions are to be provided to distribute away the heat produced and to provide high
dielectric strength. These transformers are usually immersed in liquid dielectrics.

Mineral oil transfers heat from the transformers windings and core to the outer shield
and enables dissipation of the heat generated. Nowadays, synthetic oils are being used in place
of mineral oils because synthetic oils are much more resistant to oxidation and fire hazards.

Petroleum oils, silicone oils and vegetable oils are having high thermal stability. They

are mainly used as filling medium for transformers, circuit breakers etc.

Problems:
1) Find the polarization produced in a dielectric medium of relative permittivity 15 in
presence of an electric field of 500 V/m.
Soln.: p=?, & =15, E=500 v/m
P=g,(e, —1)E
P =8.854x107?(15—1)500
P =6.198x10°Cm™
2) The dielectric constant of He gas at NTP is 1.0000684. Calculate the electronic
polarizabilty of He atoms if the gas contains 2.7x10% atoms/mq.
Soln. : & =1.0000684, a,=?, N =2.7x10?° atoms/m?.
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& -1 _Ne, 3g,(e, —1)
= or ay=—r—"——=
g +2 3g ° Ng +2)
_ 3x8.854x10*x (1.0000684 1)
¢ 2.7x10% x (1.0000684 + 2)

a, = 2.243x107"Fm’

(3) The dielectric constant of sulphur is 3.4 assuming a cubic lattice for its structure,

calculate the dielectric constant of sulphur. Given density = 2.07 gm/cc and atomic
weight = 32.07.

Soln.: ¢, =3.4, a,=?,D =2.07 gm/cc = 2.07x10% kg/m3, A = 32.07

& -1 Na,
e +2 3g,
and

N = no.of freeelectronxN, xD
A
& -1 N,xDxa,
Te 42 3gA
_ 3g,Ag, 1)
® N,xD(e +2)
,  3x8.854x10™x32.07 (3.4-1)
° 6.025x10%x2.07x10°x(3.4+2)
a, =3.035x107*° Fm?

4) An elemental solid dielectric material has polarizability e, = 7x10™*Fm?*. Assuming

the internal field to be Lorentz field, calculate the dielectric for the material if the
material has N =3x10%®atoms/m®.

Soln.: a, =7x107°Fm? &, =?,N =3x10*atoms/m®
& -1 Nea,
& +2  3g,

g -1 3x10%®x7x107
g +2 3x8.854x107"

g -1

=0.7906
g +2

&, —1=0.7906¢, +1.5812
£,(1—-0.7906)=1+1.5812

. 2.5812
" 0.2094

=12.33
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Numerical Problems:

1. Determine the polarization produced in a crystal by an electric field of strength 6000 V/cm if it has a
dielectric constant of 5. Ans. 2.124x10°Cm *

2. Find the polarization produced in a dielectric medium of relative permittivity 15 in presence of an
electric field of 500 V/m.

2. Calculate the dielectric constant of NaCl crystal if the polarization developed is 4.3x10°® when
subjected to electric field of 2000 Vm™. Ans. 3.428.

3. An elemental solid dielectric material has polarizability 7x10™* Fm 2 Assuming the internal field to
be Lorentz, calculate the dielectric constant for the material if the material has 3x10% atoms /m3.
Ans. 12.33.

4. The dielectric constant of sulphur is 3.4. Assuming a cubic lattice for its structure, calculate the
electronic polarizability of sulphur. Given: for sulphur density = 2.07 gm/cc, and atomic weight
32.07. Ans. a. =3.035 x 10 Fm?

5. The atomic weight and density of sulphur are 32 and 2.08x10° kg/m?®. The electronic polarizability of
the atom is 3.28x10 “°F/m?. If Sulphur solid has a cubic structure, calculate its dielectric constant.
Ans. 3.873.

6. A solid contains 5x10% atoms / m® each with a polarizability of 2x10* Fm-% Assuming that the
internal field is given by Lorentz formula. Calculate the ratio of internal field to the external field.
Given eo = 8.854x10™ Fm-1,

Review Questions:
1. Define the terms electric dipole moment, dielectric constant and Electric polarization.
2. Define dipole, dipole moment and define dielectric constant.
3. What are Polar and Non polar dielectrics? Explain with examples.
4. Derive relation between polarization, electric susceptibility and dielectric constant.
5. Define polarization of a dielectric material and mention the types of polarizations.
6. Describe in brief the various types of polarization mechanisms.

7. What is internal field? Write an expression for internal field in case of one-dimensional and
three dimensional array of atoms in dielectric solids.

8. Derive Clausius-Mossoti equation.
9. What are dielectrics? Explain electronic and ionic polarization. Give an example for each.

10. What are dielectrics? Explain ionic and orientation polarization. Give an example for each.
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Superconductivity:

Introduction: Lord Kamerlingh Onnes discovered the phenomenon of superconductivity in
the year 1911. When he was studying the temperature dependence of resistance of Mercury at
very low temperature he found that resistance of Mercury decreases in temperature up to a
particular temperature T, = 4.15 K and below this temperature the resistance of mercury
abruptly drops to zero. Between 4.15K and OK Mercury offered no resistance for the flow of
electric current. This phenomenon is reversible and material becomes normal when once again
temperature was increased above 4.15 K. This phenomenon is called superconductivity and
material which exhibits this property is named as superconductor.

Definition: Superconductivity is defined as “The phenomenon in which resistance of certain
metals, alloys and compounds drops to zero abruptly, below certain temperature is called
superconductivity.

Variation of Resistivity with Temperature: The variation of the resistivity of a
superconductor, pure and impure metals with temperature is as shown in the figure below.

A
Superconductor Impure metal

!
/
/ Perfectly

/. pure metal

Critical Temperature: The temperature, below which materials exhibit superconducting
property is called critical temperature, denoted by Tc. It is different for different substances.
The materials, which exhibit superconducting property, are called superconductors. Above
critical temperature material is said to be in normal state and offers resistance for the flow of
electric current. Below critical temperature material is said to be in superconducting state. Thus
Tc is also called as transition temperature.

Meissner’s Effect

In 1933, Meissner and Ochsenfeld showed that when a superconducting material is placed in a
magnetic field it allows magnetic lines of force to pass through, if its temperature is above Tc.
If the temperature is reduced below the critical temperature Tc, then it expels all the flux lines
completely out of the specimen and exhibits perfect diamagnetism. This is known as
Meissner’s effect. Since superconductor exhibits perfect diamagnetism below the critical
temperature Tc, magnetic flux density inside the material is zero.
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The expression for magnetic flux density is given by B = o (M + H)
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Here B is Magnetic Flux Density, M is Magnetization and H is the applied magnetic field

strength. For a superconductor, B=0atT < Tc.

Thus we get M =— H.

Thus Meissner’s Effect signifies the negative magnetic moment associated with
superconductors.

Critical Field and its Temperature Dependence

Critical field We know that when superconductor is placed in a magnetic field it expels
magnetic flux lines completely out of the body and exhibits a perfect diamagnetism. But if the
strength of the magnetic field is further increased, it is found that for a particular value of the
magnetic field,

material looses its superconducting property and becomes a normal conductor. The value of the
magnetic field at which the transition occurs from the Superconducting state to Normal
Conducting state is called Critical Field or Critical Magnetic Field and is denoted by Hc. It is
found that by reducing the temperature of the material further superconducting property of the
material could be restored. Thus, critical field does not destroy the superconducting property of
the material completely but only reduces the critical temperature of the material.

The variation of Critical field with temperature below the critical temperature is given by

T2
He =Hy|1-—
g

Here Hc is the Critical field at any temperature T less than T, Ho is the Critical fieldat T = 0
K.

Critical field (H) ——»
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Types of Superconductors

Superconductors are classified into two types

1. Type - | Superconductor or Soft Superconductor

2. Type - Il Superconductor or Hard Superconductor

Type - | Superconductors:

Type 1 superconductors exhibit complete Meissener’s Effect and possess a single value of
critical field. The graph of magnetic moment Vs magnetic field is as shown in the Fig. below.
As the field strength increases the material becomes more and more diamagnetic until H
becomes equal to Hc. Above Hc the material allows the flux lines to pass through and exhibits
normal conductivity. The value of Hc is very small for soft superconductors. Therefore, soft
superconductors cannot withstand high magnetic fields. Therefore, they cannot be used for
making superconducting magnets. Ex. Hg, Pb and Zn.

Superconducting

state Normal state

-
ol —

-4]IM

A 4

H,
Applied magnetic field B, —

c

Type - 11 Superconductors:

paragraph Superconducting materials, which can withstand high value of critical magnetic
fields, are called Hard Superconductors.

Superconducting Mixed state
state or

& ‘\ Vortex state
Normal state

-41IM

A J

H('] HC?.
Applied magnetic field B, —
The graph of magnetic moment Vs magnetic field is as shown in the Fig. Hard
superconductors are characterized by two critical fields Hci and Hez. When applied magnetic

field is less than Hci material exhibits perfect diamagnetism. Beyond Hci partial flux
penetrates and the material is said to be Vortex State. Thus flux penetration occurs through
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small-channelized regions called filaments. As the strength of the field increases further, more
and more flux fills the body and thereby decreasing the diamagnetic property of the material.
At Hc> flux fills the body completely and material losses its diamagnetic property as well as
superconducting property completely.

.............

Cestaire

The value of Hez is hundreds of times greater than Hc of soft superconductors. Therefore, they
are used for making powerful superconducting magnets. Ex. : NbTi, NbsSn.

Difference between Type - 1 and Type -2 Superconductors
Type - 1 Superconductor Type -2 Superconductor

1. They exhibit complete Meissner effect 1. They exhibit partial Meissner effect
2. These are perfect diamagnetics 2. These are not perfect diamagnetics
3. These are known as soft superconductors 3. These are known as hard superconductors
4. They have only one critical magnetic field |4. They have two critical magnetic fields
5. No vertex (Mixed) state is present 5. Vertex (mixed) state is present
6. These materials undergoes a sharp transition |6. These materials undergoes a gradual transition

at the critical magnetic field between two critical magnetic fields
7. The highest value of critical magnetic field |7. The upper critical magnetic field is of the 50

is 0.1 wb/m? wh/m?
8. Critical temperature is low (< 10 K) 8. Critical temperature is high (> 10 K)
9. Applications are very limited 9. They are used to generate very high magnetic

field.

10. Examples:- lead, tin, mercury , etc. 10. Examples:- alloys like Nb-Sn, Nb-Ti, Nb-Zr, etc.

BCS Theory of Superconductivity:

Bardeen, Cooper and Schrieffer explained the phenomenon of superconductivity in the year
1957. The essence of the BCS theory is as follows.
Consider an electron approaching a positive ion core and suffers attractive coulomb
interaction. Due to this attraction ion core is set in motion and thus distorts that lattice. Let a
second electron come in the way of distorted lattice and interaction between the two occurs
which lowers the energy of the second electron. The two electrons therefore interact indirectly
through the lattice distortion or the phonon field which lowers the energy of the electrons. The
above interaction is interpreted as electron - Lattice — electron interaction through phonon
field.
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It was shown by Cooper that, this attractive force becomes maximum if two electrons have
opposite spins and momentum. The attractive force may exceed coulombs repulsive force
between the two electrons below the critical temperature, which results in the formation of
bound pair of electrons called cooper pairs.

Second electron chases e_‘ § a2
positive charge = i

Cooper pair
Below the critical temperature the dense cloud of Cooper pairs form a collective state and the
motion all Cooper pairs is correlated resulting in zero resistance of the material.
High Temperature Superconductors:
Superconducting materials which exhibit superconductivity at relatively higher temperatures
are called high temperature superconductors. Thus high temperature superconductors possess
higher value of critical temperature compared to conventional superconductors. Most of the
high temperature superconductors are found to fall into the category of ceramics. In 1986
George Bednorz and Alex Muller discovered a compound containing Lanthanum, Barium,
Copper and Oxygen having Tc = 30 K was developed. In 1987 scientists developed a
compound which is an oxide of the form YBa>CuzO7 which is referred to as 1-2-3 compound
with T¢ > 90 K was discovered.
All high temperature superconductors are oxides of copper and bear Perovskite crystal
structure characterized by large number of copper-oxygen layers. It was found that addition of
extra copper-oxygen layer pushes the critical temperature Tc to higher values. The super
currents are strong in the copper-oxygen layer and weak in the direction perpendicular to the
planes.

High Temperature superconductors are not commercially available mainly due to their
current densities and difficulty in forming into wires. Once these difficulties are overcome such
superconductors find many applications in various fields like zero-loss power transmission
lines, super- strong magnetic materials and as the materials for levitating trains.

Following is the list of some of High Temperature Superconductors.

Superconductor Year T (K)
K, WO, 1967 6.0
LiTi,, O, 1973 1.2
BaPb, Bi O, 1975 13
La, Ba CuO, 1986 30
YBa,Cu,0, | 1987 %0
Ba, K BiO, 1988 20
BiSrCaCu,0, 1988 105
TiBa,CaCu,0,, 1989 110
HgBa,CaCu,0, 1993 120
GdFeAsO, 2008 53.5
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DC - SQUID:

It has two Josephson junctions connected in parallel and works on the interference of
current from two junctions. It works on the principle of DC Josephson effect which is the
phenomenon of flow of super current through the junction even in the absence of external emf
or voltage.

Construction and working:

Magnetic‘flux

coming out Q

from plane of the paper

The cross sectional view of the arrangement is shown. P and Q are two Josephson

Junctions arranged in parallel. When current I flows through the point C, it divides into I; and
I.. Hence the wave function due to these super currents (cooper pairs) experiences a phase shift
at P and Q. In the absence of applied magnetic field, the phase difference between the wave
functions is zero. If the magnetic field is applied perpendicular to the current loop, then phase
difference between the wave functions will not be zero. This is identified by the sum of the
currents Iy and I.. The magnitude of phase difference is proportional to applied magnetic field.
Hence, even if there is a weak magnetic field in the region will be detected.

RF SQUID:

Magnetic flux
coming out from

RF current]

plane of the paper source
To RF amplifier
Josephson L
Junction =
Current supply to

junction by
mutual induction

It works on the principle of AC Josephson effect. When dc voltage is applied across the
Josephson junction, it leads to the development of oscillating current. It has single Josephson
junction. Magnetic field is applied perpendicular to the plane of the current loop. The flux is
coupled into a loop containing a single Josephson junction through an input coil and an RF
source. Hence when the RF current changes, there is corresponding change in the flux linked
with the coil. This variation is very sensitive and is measured. It is also used in the detection of
low magnetic field. It is less sensitive compared to DC - SQUID. Due to its low cost
manufacturing, it is commonly used in many applications.

Problem: - A superconducting tin has a critical field of 306 gauss at 0K and 217 gauss at 2K.
Find the critical temperature of superconducting tin.
Data: - Ho=306gauss at 0K, Hc=217gaussat 2K=T
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T2
He =H0£1—T—2J

Maglev vehicles:

Passengr compartment(Carriage)

Wheel

Alurmimiura Superconducting

Inagnet

Magnetically Levitated vehicles are called maglev vehicles. Since such vehicles float under
magnetic effect they offer benefit like no friction, less power and noiseless transportation. The
phenomenon on which the magnetic levitation is based is Meissner Effect.

It uses direct current superconducting magnets mounted under the carriage in turn induce eddy
currents in an aluminium, thus generating repulsive forces, which in turn lift the carriage. (A
computer changes the amount of current to keep the train 1 cm from the track. This means
there is no friction between the train and the track) Then the forward motion of the vehicle is
achieved by the principle of synchronous linear induction (A maglev's guide way has a long
line of electromagnets. These pull the train from the front and push it from behind). The
vehicle does not levitate until it reaches 50 mph, so it is equipped with retractable wheels. The
wheels serve almost the same purpose as those of an aero plane.

A prototype maglev train has been constructed in Japan, which reached speeds of about
430Km/hr. German made maglev train is operating between airport and Pudong district in the
Chinese city of Shanghai. The superconducting magnets were cooled with liquid helium.
Linear generators will produce all the electricity needed in the train’s interior. Only the part of
the track that is used will be electrified so no energy is wasted.

Q. No. Questions

State and explain Meissner Effect.

) '

Define critical field and hence explain its variation with temperature below critical
temperature.

Explain Type -1 Type — 2 superconductors with neat figures.

Distinguish between Type -1 Type — 2 superconductors.

Describe high temperature superconductors.

Elucidate the BCS theory of superconductivity.

Explain the phenomenon of quantum tunneling.

Define Josephson junction and hence explain DC and AC Josephson effects.

X N0 ~w

Define SQUID and describe DC and RF SQUIDs.

10. | Brief out the applications of superconductivity in quantum computing.
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Q. No. | Numerical problems

1. | Lead has superconducting transition temperature of 7.26 K. If the initial field at O k is
50x103 A/m, calculate the critical field at 6 K.

2. | A superconducting tin has a critical temperature of 3.7 K at zero magnetic field and a
critical field of 0.0306 tesla at 0 K. Find the critical field at 2 K.

3. | The superconducting transition temperature of lead is 7.26 K. Calculate the initial field
at 0 K, given the critical field at 5 K is 33.644x103 A/m.

4. | Calculate the ratio of critical fields for a superconductor at 7 K and 5K, given the
critical temperature is 8 K.

5. | The critical field for niobium is 1x105 A/m at 8 K and 2x105 A/m at 0 K. Calculate
the transition temperature of the element.

* % % % END % % % %
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LASER

Introduction:

LASER is the acronym (short form) for Light Amplification by Stimulated Emission of Radiation.
The important Characteristic properties of LASER beam are

1. It is highly monochromatic.
2. It is highly coherent.
3. It is highly directional.
4. It is a high intensity beam of light.
In order to understand the mechanism involved in the production of laser beam, one has to know the
process taking place in an atomic system such as absorption and Emission of radiation.
Interaction of radiation with matter:
The interaction of radiation with matter occurs through the following three processes, namely.
1. Induced absorption
2. Spontaneous emission and
3. Stimulated emission

1. Induced Absorption:

*

A
E> N2 E» 3 N2
Incident Photon, E = hv 1, i
7 f,'/i//}‘ 1
e N 1 N
E1 A 1 B 1

(Before) A+hv —> A" (After)
When a suitable energy of a photon is incident on an atom, the photon is absorbed it. In this process
the incident photon excites an atom from ground state to higher energy sate and hence it is known as
Induced Absorption.
Consider an atom in a lower energy states Eg, it will excite to higher energy states E> by absorbing the
incident photon of energy E = hv = E2> — E1. where /4 is the Planck’s constant and v is the frequency of
the incident photon. The induced absorption can be represented as

A+hy > A

Where A is the atom in the ground sate E; and A* is the excited atom in the higher energy sate E».
Let N1 and N2 be the number of atoms in the energy levels E; and E», and U, be the energy density of
the incident radiation. Thus the probability of transition of atoms from E1 to E> is depending on N1 and
U, .
Therefore, the rate of induced absorption is o N1U, = B12N1U,

Where B2 is a proportionality constant known as the Einstein's coefficient for induced absorption.
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2. Spontaneous emission:

*

A
E> ® N2 E> . N>
1 .
Iy Emitted Photon, E =hv
i/\/\/\/\ Incoherent radiation
E: N1 E; z\ N1

(Before) A" — A+hyv (After)
Spontaneous emission is the process of emission of photon, when an atom transits from higher energy
level to lower energy level without the influence of any external energy.
An atom in the higher energy state E» makes a transition to lower energy state E1 without the action of
any external agency. the photon of energy E, — E1 = Av is emitted. In this process the emitted photons
need not travel in the same direction. Thus the emitted light beam is not directional. The spontaneous
emission can be represented as

A" > A+hv

In this process, the probability of transition of atoms from E2 to E; is depending on N2 only.
Therefore, the rate of spontaneous emission is oc N2> = A21N>
Where Az is a proportionality constant known as the Einstein's coefficient for spontaneous emission.

3. Stimulated emission:

A*
E2 e N2 E2 T .NZ )
AVATYS ! A /\ﬂStlgﬁéa&end Slir;;ltted
i = SAVAVAVAY: < BTV
Incident Photon, E = hv v Coherent radiation
El N]_ El 'g\ Nl

(Before) A" +hv — A+2hv (After)
When a photon of suitable energy interacts with an atom in the higher energy state without loose
energy then the atom is stimulated (Forced) to make transition from higher energy state E> to the lower
energy state E; with the emission of a photon of energy E> — E1 = Av. Both the incident photon and the
emitted photons are coherent or in phase and travel in the same direction. This process is known as
stimulated emission. The stimulated or induced emission can be represented as
A"+hv —> A+2hv
This kind of emission is responsible for laser action.
In this process, the probability of transition of atoms from Ezto E; is depending on N2and U,
Therefore, the rate of stimulated emission is o« N2U, = B21N2U,

Where Ba1 is a proportionality constant known as the Einstein's coefficient for stimulated emission.
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Expression for Energy density in terms of Einstein Coefficients:

Consider a system containing of large number of atoms is under thermal equilibrium. Let E; and E> be
the lower and higher energy levels which contains N1 and N2 number of atoms respectively. Let U, be
the energy density of the incident radiation. Hence the system absorbs and emits the energy through
the processes of induced absorption spontaneous emission and stimulated emission. The energy of the
photon absorbed and emitted by the atoms is £ = hv = E»> — E1.

The system be in thermal equilibrium; the total energy of the system remains unchanged in spite of the
interaction of the incident radiation.

At thermal equilibrium,
Rate of Absorption = Rate of Spontaneous emission + Rate of Stimulated emission
. we have, B,N,U, = AN, +B,N,U,
B,N,U, —B,N,U, =A,N,

UV(Blle - leNz) = A21N2

U — A21N2
’ (Blle - BuNz)

+ both numerator & denominator of the above equation by B2: and N2, we get,

Al 1
U, =-2 4
” Bu{é':iﬂz —J -

According to Boltzmann distribution law, we have

El

-E Tkt EBE My hv
N, = N,es _',%:e ——e KT _eKl OR &::e KT — (5)
2 e’ﬁ 1

Now, by substituting this in equation (4), we have

u=tal 1 - (6)

B v
21 %EKT _1
21

According to Planck’s law, the equation for energy density E is given by

8zhv° 1
Uv = C3 { hv J - (7)

exT —1

Now, comparing equation (6) and equation (7), we have

i_8ﬂhv3

B
B Cs &leor B122821
21

21
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This implies that the probability of induced absorption is equal to the probability of stimulated
emission. Because of the above identity, A2: and B21 can be represented by A and B in equation (6)

and it can be rewrite as.

u, =22

v hv

ekt —1

This is the expression for energy density in terms of Einstein’s A and B coefficients.

Condition for Lasing action:

Consider a LASER system. Let an atom in - '——,\/f\/\\/;
the excited state is stimulated by a photon o s~ —3—
A LN =T
of suitable energy, so that atom makes nciden o - Pl LY 4
AN IR =
stimulated emission. Then two coherent ~ Photon — B EaVAY
b g o o g
hotons are obtained. These two coherent =
P ——f\/\r. s | NSO
photons if stimulate two more atoms in the o

. . Stage - 1 Stage - 2 Staég -3
exited state to make emission then four

coherent photons are obtained. These four coherent photons stimulate four more atoms in the excited
state resulting in eight coherent photons and so on. As this process continues, number of coherent
photons produced increases. These coherent photons constitute an intense beam of LASER. This
phenomenon of building up of number of coherent photons, so as to get an intense LASER beam is

called lasing action.

LASER action could be achieved through the conditions of population inversion by pumping and

meta-stable state.
(1) Population Inversion:

When a system is under thermal equilibrium, the number of atoms in excited state is less than the
number of atoms in the lower energy state. The production of LASER is achieved through
stimulated emission rather than induced absorption and spontaneous emission. This is possible only
if the number of atoms in the higher energy state is more than the number of atoms in the lower

energy state and the process of achieving this is called population inversion.
Thus the essential conditions for population inversion are
a) Higher energy state should possess a longer life time.

b) The number of atoms in the higher energy state must be greater than the number of atoms in the

lower energy state.
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(i) Pumping Process:

Population inversion is achieved by supplying energy from a suitable source is called Pumping. In
addition, to have more stimulated emissions, the life time of atoms in the excited state must be
longer. There are number of techniques for pumping a collection of atom to an inverted state
(excited state).

(iii) Meta stable state:

The life time of an energy level is of the order

o Excited State
_8 E2
of 107° second. If an atom possesses unusual \oo Meta stable State N
longer life time in an energy state such a state is f /\/\/\,-. Laser
g > =i AVE ben
referred to as a meta-stable state. Usually the — "\/\/\/\ E,
Incident Photon Ground State

life time of meta-stable state varies from 10s to

1073s. Population inversion could be achieved with the help of three energy state with one of them a
meta-stable state and is as shown in the figure. The population inversion is achieved between the
state E» and E; as state Es is a meta-stable state.

Note : The principles of Laser are 1. Stimulated Emission, 2. Population Inversion & 3. Meta-stable
State

Requisites of a LASER system:

The three requisites of a LASER system are;
1. Active medium
2. Pumping Source
3. LASER cavity
1. Active medium: Population inversion occurs at certain stage in the active medium due to the
absorption of energy. The active medium supports meta-stable states. After this stage the active

medium is capable of emitting LASER light.

Pumplng Process

@

Actlve Medium—

100% Mirror f + 4 4 Partial Mirror

2. Pumping Source: Pumping source is an excitation source in order to achieve population inversion.
That means more and more atoms are to be moved to higher energy state is called pumping. This is
achieved by supplying suitable energy from an energy source. optical / light energy is used in optical

pumping and electrical energy is used electrical pumping.
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3. LASER Cavity: The LASER Cavity is an active medium bound between two highly parallel
mirrors. The reflection of photons from the mirrors results in multiple traverse of photons through the
active medium inducing more and more stimulated emissions. Thus amplification of light is achieved.
This also helps to tap certain permissible part of LASER energy from the active medium. The cavity

resonates and the output will be maximum when the distance L between the mirrors is equal to an
A

-

integral multiple of A/2 . i.e., L=

Where, A is the wavelength of incident suitable radiation and L is the length of the LASER cavity.

Carbon Dioxide Laser laser:
CO2 laser invented by Kumar Patel in 1964. CO: is a linear, symmetric molecule with the

carbon atoms balanced against the two oxygen atoms. O-C-O. Therefore, three characteristic
vibrational modes exist.

A carbon dioxide molecule three independent modes of vibrations. They are

Symmetric: carbon atoms are at rest and both oxygen atoms vibrate simultaneously along the axis of

the molecule departing or approaching the fixed carbon atoms. This mode is represented as (100) state
(0.17 eV)

Asymmetric: oxygen atoms and carbon atoms vibrate asymmetrically, i.e., oxygen atoms move in one
direction while carbon atoms in the other direction. This mode is represented as (001) state and it is
highest among all (0.29 eV)

Bending: oxygen atoms and carbon atoms vibrate perpendicular to molecular axis. This mode is
represented as (010) state and it is lowest among all (0.08 eV)

Principle : In N2 molecule, the excited levels are metastable. The excited levels of N2 coincidence in
energy of CO2 molecule. This helps in causing population inversion in CO. gas laser by means of
transfer of energy.

Construction : It is a gas laser in which the gas mixture of CO, He & N2 is filled in a discharge tube
(radius 1cm, length 5m) at a pressure of 6-17 torr. The ratio of CO2 :N2 : He is 1:2:3.The mixture
serves as gain medium. Electrical discharge is used as pumping method. The gas tube is fitted with
Brewsters’ windows in order to achieve plane polarization and two plane mirrors on either end. The

whole system is water cooled.

(Brewster's law states that the tangent of the angle of polarization is numerically equal to the

refractive index of the reflecting medium. i.e., n = tan6)
7
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Discharge tube
/ COz+NztHe
electrodes
Completely Brewster Partially
silvered windows  Silvered

Working:
N,level COzIeveI
E
L2 A 5
meta § ?
E
E, mp— /’
I /,
1 7’
1 pid
1 ,/
A4
EZ _l—hl
: meta
)
L, i 2 . 4

The energy levels of N> and CO; are as shown in Fig. Lasing action takes place in both the levels.
Hence both N2 and CO; are considered as active medium

When high voltage is applied electric discharge occurs releasing electrons. Electrons collide with
nitrogen molecules in the ground level exciting them to Lz level. This is first kind collision

et+Ny— No*

L. level is metastable and hence population inversion is achieved. The energy of L2 is nearly same as
Es. Hence excited nitrogen molecules transfer their energy to CO, molecules in the ground state
through collisions. This is second kind collision

Nox+C02—C02%+N>

Once all CO; are transferred to Es level, stimulated emission is triggered. Transition from Es to E4
gives a beam of A= 10.6 um and transition from Es to Es gives a beam of A= 9.6 um. Afterwards CO:
molecules return to E; level via radiative and non-radiation transitions.

Laser Range Finder (LRF)

LRF is a device used to measure distances more accurately and it works on the principle of a radar
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SV d

display J}\\J “\ﬂ”fi__

A typical LRF consist of(i) transmitter, (ii) receiver, (iii) display and readout.

target

\/

The transmitter uses a pulsed laser which sends out single, collimated and short pulse of laser radiation
to the target. Target will reflect signals and these signals passes through filters. Filtered signal comes
to receiver where it is amplified. The amplified signal enters the counter. By counting the number of
pulses that have arrived, time of travel (t) can be calculated. Total distance travelled is 2d and time
taken is t then

2d
C=—
t
or
=
2

In ranging a target about 10 km away using these systems, accuracy within 5 m is easily obtained.

Problems:

hv
(1) Show that the ratio of rate of spontaneous emission to induced absorption is given by {1—9 kT }

Rate of spontaneousemission A, N,
Rate of induced absorption B,N,U(v)

hv
But,%=e @ and U, =fa| 1

v hv

' Bl g _1
S hv
Rate of spontaneousemission A, o T 1
Rate of induced absorption B,
Au| 1
hv
Ba| gir 1

Since B, =B,
Rate of spontaneousemission - h[ hv 1} _{ - ”}

E eﬁ _ 1_ e KT
Rate of Induced absorption

(2) Find the number of modes and their frequency separation in a resonant cavity of length 1 m of a
laser operating at wavelength 632.8nm.
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Soln.; L = 1lm, A = 632.8 nm = 632.8x10°m, n =?

WKT; /1:& OR n:Z—L
n A

n=— 213160556

632.8x10

c 2L nc

Also, A=—=— OR v=—
v n 2L

nc (n-1)c

2L
.. Frequency separation=v, —v, ,

sv,=— and v, , =
2L

(- _nc-nc+c_ c

. nc
.. Frequency separation = Z -

2L 2L 2L
8
.. Frequency separation = L 310 =1.5x10°Hz
2L 2x1

(3) A laser operating at 632.8nm emits 3.182x10%® photons per second. Calculate the output
power of the laser. Also find the percentage power converted into coherent light energy, if
the input power is 100 watt.

Soln.; & = 632.8nm = 632.8x10°m, N = 3.182x10%photon/sec, p = ?, input power = 100 watt,

%age power =?

WKT, N.AE=E =Pt

N _pt or p-NC
2 At
16 -34 8
P:3.182><10 ><6.626><j0 x3x10 —0.01watt
632.8x10°x1
P =0.01watt
output power 0.01

Percentage Power = x100 = 100 x100=0.01

input power
Percentage Power =0.01%
(4) Calculate the wavelength of laser emitted from an extrinsic semiconductor laser if the
band gap is 0.02eV. To which region of spectrum does it belong?
Soln.; A =?, Eg=0.02 eV = 0.02x1.602x101°

WKT, E,=hy="C
A

-34 3
,_he _6.626x10%x3x10° o0 0o

E 0.02x1.602x107"

9

This wavelength region belongs to infrared region (0.01 to 7x10°m).
NOTE: Visible region 7x10°m to 4x10°m, ultraviolet 4x10°mto 10'm

10
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(5) A pulse from laser with power 1mW lost for 10nS, if the number of photons emitted per
pulse is 3.491x10’. Calculate the wavelength of laser. (May22)
Soln.; P=1 x10°W, t=10 x10°sec, N=3.491x10", A=?
N.AE = Pt

N _pto 4= NNC
A Pt
 3.491x107 x6.625x10* x 3x10°
1x10°%x10x10°°

(6) A pulsed laser emits photons of wavelength 780nm with 20mW average power per pulse.

SA =6.938x10""m

Calculate the number of photons contained in each pulse if the pulse duration is 10ns.
Soln.; A=780 x10°m, P= 20 x103W, N=?, t=10 x10°sec
WKT, N.AE =Pt

N C orR N=Zt
hc

_ 780x 10° x20x10°%x10x10°°
6.625x1073* x3x 108

(6a) A laser source has a power output of 10°W. Calculate the number of photons emitted per

= 7.849x10° photons

second given wavelength of laser 692.8nm. (Model QP)
Soln., A =692.8 x10°m, P = 10°3W, N =2, t = 1sec

_ Pt
hc

B 692.8x10°° x10°x1
6.625x107* x3x10°®

(7) In a laser system, operating at 323K, the wavelength of the light emitted is 1.3um.

WKT, N

= 3.486 x 10" photons/se cond

Determine the ratio of population of the energy levels (Boltzmann's factor).

Soln., T=323K, A=1.3 x10®m, % =7

1

N v he
WKT, —Z=e KT =g T
N

1

N - 6.626x103*x3x10°
N_2 — @13x107°x1.38x107 %323 _ o =34304 _ 1 9@y ()15
1
e ratio of population of two energy levels out of which one corresponds to meta stable
8) The ratio of lat ft levels out of which ds t ta stabl

state is 1.059 x 10°. Find the wavelength of light emitted at 330K.

Soln., % =1.059x107%, T =330K, L =7

1

11
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N hv hc

WKT, —Z=¢ KT =g &T
Nl
OR In & :—_hC
N, ) AKT
_ _ 34 8
- hc 6.626x10" x3x10 6.323x107m

o ( N, J " 1.38x10 ®x330x I(L.059x10 )

1

OR A1=632.3nm

(8a) Calculate the ratio of population for a given pair of energy levels corresponding to
emission of radiation 694.3nm at a temperature of 300K. (Model QP)

N _hve_he
WKT, —Z=e KT =g T
1

N — 6.626x103"x3x10°
-9 23 -69.1 -31
2 _ p6943x10°x1.38x107*x300 — p=69155 _ g 2051073

1

(9) Calculate the ratio of (i) Einstein’s coefficients and (ii) stimulated to spontaneous emissions,

for a system in thermal equilibrium at 300K in which radiations of wavelength 1.39um
are emitted.

Soln., % = ?i =? and Ba _ ?, Rate of stimulated to spontaneous=? A=1.39 X10°m,
21 21 1

T=300K

YWKT, Do _ 8zhv® 8rh 87x6.626x10™
’ 21 C3 /13 (139)(10_6 )3

=6.2x107"°

Ll =6.2x10™"

21
()WKT, Rate of stimulated emission  _ B,,N,U(v)

Rate of spontaneou s emission AN,
But, U, _ P hvl
2 ek —1

. Rate of stimulated emission  B,, A, 1 3 1
o cinn A 'R [ e 7 he

Rate of spontaneous emission A, B,, (em _1J {em _1j

Rate of stimulated emission 1 1 1

- = = ~9.96x10°"
Rate of spontaneou s emission { 662610 *:340° } (e****-1)  (L004x10" -1)

e1.39x10’6x1.38x10’23x300 -1

12
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Model Questions:

[

. What is LASER? Enumerate the Characteristics of a LASER Beam.

. Discuss the three possible ways through which radiation and matter interaction can take place.

. Explain the terms, (i) Induced absorption, (ii) Spontaneous emission, (iii) Stimulated emission,
(iv) Population inversion, (v) Meta-stable state & (vi) Resonant cavity.

. Explain the rates of absorption and emission and hence derive an expression for energy density
using Einstein’s A and B coefficients.

. Explain requisites of LASER system.

. What is Semiconductor LASER? Describe with energy band diagram the construction & working
of Semiconductor diode LASER along with applications.

. Discuss the working of LASER barcode reader.

. With the help of a sketch describe the principle, construction and working of CO> Laser.

. Explain LASER Range Finder in defence as application.

Numerical Problems:

. Find the ratio of population of two energy levels in a LASER if the transition between them
produces light of wavelength 6493 A, assuming the ambient temperature at 27°C.

. Find the ratio of population of two energy levels in a medium at thermal equilibrium, if the
wavelength of light emitted at 291 K is 6928 A.

. The ratio of population of two energy levels out of which one corresponds to metastable state is
1.059x10°%, Find the wavelength of light emitted at 330 K.

. Find the ratio of population of two energy levels in a medium at thermal equilibrium, if the
wavelength of light emitted at 300 K is 10um. Also find the effective temperature when energy

levels are equally populated.

. The average power output of a LASER beam of wave length 6500 A is 10 mW. Find the number
of photons emitted per second by the LASER source.

. The average power of a LASER beam of wavelength 6328 A is 5 mW. Find the number of photons
emitted per second by the LASER source.

. A pulsed LASER has an average power output 1.5 mW per pulse and pulse duration is 20 ns. The
number of photons emitted per pulse is estimated to be 1.047x108. Find the wavelength of the
emitted LASER.

. A pulsed LASER with power 1 mW lasts for 10 ns. If the number of photons emitted per pulse is
5x10’. Calculate the wavelength of LASER.

13
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9. A Ruby LASER emits a pulse of 20 ns duration with average power per pulse being 100 kW. If the
number of photons in each pulse is 6.981x10'°, calculate the wavelength of photons.
10. In a LASER system when the energy difference between two energy levels is 2x1071° J, the
average power output of LASER beam is found to be 4 mW. Calculate number of photons emitted
per second.

14
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OPTICAL FIBERS
Introduction

Optical fiber is a device used to transmit light through bundle of thin fibers of transparent dielectric

material from one end to another end for a very long distance. It works on the principle of Total

Internal Reflection (TIR). Sheat Claddin
Construction: The sectional view of a typical optical fiber is as gCore
shown in the figure. It has three regions named as Core,

Cladding and Sheath.

1. The innermost light guiding region is called Core. Optical Fiber

2. The layer covering core is called Cladding or Clad, which helps in total internal reflection of light.

3. The outermost protective layer is called Sheath (Coating), which protects the fiber from mechanical
stress and chemical reactions.

The optical fiber is designed to support total internal reflection and hence the refractive index (RI) of

core ntis made greater than the RI of cladding n.. A typical fiber will be of the order of few microns.

Total Internal Reflection

Consider a ray of light moving from a denser
Rarer Medium, n.

medium of refractive index n: to rarer medium of - - - Normal
refractive index no. As a result, the incident ray of
light bends away from the normal. Hence the angle of /= : \

refraction 02 is greater than the angle of incidence 6.

Total Internal Reflection

As the angle of incidence increases the angle of Denser Medium, ny
refraction also increases. For a particular angle of ' Note:Angleofincidence, i = c = critical angle, 8< fc & 6 > bc
incidence, i = 0. the refracted ray grazes the interface separating the two media. The corresponding
angle of incidence 6. is called critical angle. If the angle of incidence is greater than the critical angle
B¢, then the light ray is turned back into the same medium and is called Total Internal Reflection.
The above figure shows Total Internal Reflection;
According to Snell’s law
n,sin 6, = n,sin 6,
when 0:= 0c, then 02 = 90" and sin90° = 1

. nsiné. =n,

. n (N
wsinf.=-2  or 6 =sin 1(—2J
n n

15



Applied Physics for EEE Stream Module — 3 : Laser T Optical Fiber Dr. Shivalinge Gowda, Professor of Physics, MRIT
Angle of acceptance and Numerical aperture (NA):

Acceptance angle (0) is the maximum angle of incidence with which the ray is sent into the fiber core
which allows the incident light to be guided by the core. It is also called as waveguide acceptance
angle or acceptance cone half angle.
In optics, the numerical aperture (NA) of an optical fiber is a dimensionless number that characterizes
the range of angles over which the fiber can accept light. Numerical aperture represents the light
gathering capability of optical fiber and it is defined as sine of the acceptance angle.

. NA=sing,

Condition for propagation (Derivation for Angle of Acceptance)

Acceptance T
- 02 = 90° C |
Core, N1
"""""""" Axisof the fiber ~ "~
Cladding, nz |

Consider an optical fiber with core made of refractive index n; and cladding made of refractive index
no. Let no be the refractive index of the surrounding medium.
Let a ray of light OA entering into the core at an angle of incidence 6o w.r.t fiber axis. Then it is
refracted along AB at an angle 61 and meet the core-cladding interface at critical angle of incidence (6c
=90 — 01). Then the refracted ray grazes along BC.
By applying Snell’s law at A, we get

N, sin 6, = n,sin 6,

sin 0, = %sin 6, &)

0

Again by applying Snell’s law at B, we get
n,sin(90—-4,) = n, sin 90° since, sin(90 -6,) =cosO, and sin90 °=1, we get

n
n,cosé,=n, or cosh, =—*% )
nl

sin®6, +cos’H, =1 or  sin®, =/1-cos’ O,

n:
o.sing, = [1-— 3)
I’]l

By substituting this in equation (1), we get

n?
sin@, =+ [1-— _nt In? —n? nl n?-n? (4

N, n, n, N,
Since, Numerical Aperture, NA = sinf,
1

~NA= = /n?-n?
nO
16
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If the surrounding medium is air, thenng =1

- NA =sin 6, = ,/n} —n? (5)

Light is transmitted through the fiber only when

50,<60, or sing <sing,<.n>-n’
. sin @, <NA<./n?-n? (6)

This is the condition for propagation for light through the optical fiber with multiple total internal

reflections.

Fractional index change (A):
It is the ratio of the difference between the refractive indices of the core and cladding to the
refractive index of core of an optical fiber.
r]2

. n, —
e, A= 2
nl

A is always positive and less than 1. Because, n1 > n..

Relation between NA and A:

n,—n
WKT, NA=,/n?-n? and A=—2—2

n

NA:\/(nl_nz)(n1+nz)

NA = ,/Anlinl +n, )

Since n, =n,, NA=,/An(2n,

NA =n,~2A

Modes of Propagation: In an optical fiber the wave propagation mode is referred to as fiber modes.
The light ray paths along which the waves are in phase inside the fiber are known as modes.
In simple words, the allowed paths for the light ray inside the fiber are known as modes of

propagation.
Number of modes oc %

Where, d is the diameter of the core and L is the wavelength of the light ray travelling through the
fiber.

The different types of fiber modes are guided mode, leaky mode and radiation mo  de. In an optical
communication system, signals are transmitted using guided modes only.

V- Number: The number of modes supported for propagation in the fiber depends on the core size,
operating wavelength and refractive indices of core and cladding materials. It can be conveniently

defined using a normalized frequency parameter, called V- number and it is given by
17
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V=% n’ —n?

Where A is the (operating) wavelength of light propagating in the fiber.
d is the core diameter
N1 is the refractive index of the core.
N, is the refractive index of the cladding.
For VV>>1, the number of modes supported by the fiber is given by
V&
T2

N

Refractive index profile: Refractive index profile is the distribution of refractive indices of materials

within an optical fiber. Some optical fiber has a step-index profile, in which the core has one

uniformly-distributed index and the cladding has a lower uniformly-distributed index. Other optical
fiber has a graded-index profile, in which the refractive index varies gradually as a function of radial

distance from the fiber center.

Types of optical fiber:
Based on the refractive index profile, core size and mode of propagation, the fibers are classified into

three types, namely
1. Step-index single mode fiber
2. Step-index multi-mode fiber

3. Graded-index multi-mode fiber

1. Step-index single mode fiber:

3 60 - 70 ym " b
Yy "
v 4 \ =
:/'. ,: b7 n,
() |5 s 7 A ]
. b4 | ® S~
' : / % /
\ ’ :/ o
N
—
8-10 um R I Profile Ray propagation

A single mode step index fiber consists of a very fine thin core (made of glass material) of uniform
refractive index ni is surrounded by a cladding of refractive index n, lower than that of the core, Since
there is abrupt change in RI of core and cladding at the interface it is called step index fiber. The

diameter of the core is about 8 to 10 um and that of cladding is about 60 to 70 pum. Since the core size
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is small, the numerical aperture is also small and hence it supports for single mode as shown in the

figure. This need laser as the source of light.

2. Step-index multi-mode fiber:

. 100-250 ym bl | M
/ \ . ]
7 i
@ &
| 18 .
« ,TB
| 8 g \
WV
e ;
50 - 200 um R | Profile Ray propagation

Step-index multimode fiber is similar to that of a single mode fiber, but it has a larger core diameter
and constant refractive index, by the virtue of which it will be able to support for large number of
modes of propagation as shown in figure. The diameter of the core is about 50 to 200 um and that of
the cladding is about 100 to 250 pum. The step-index multi mode fiber can accept either a laser or LED

as source of light. It is the least expensive of all. They are used in data links.

3. Graded-index multi-mode fiber:

100 - 250 pm

Radial Distace

50 - 200 ym R | Profile Ray propagation

A graded multimode fiber has concentric layers of Rl is called GRIN fiber. That means the RI of the
core varies with distance from the axis of the fiber. The refractive index of the core along the axis of
the fiber is maximum and it decreases uniformly on either side of the axis towards the core-cladding
interface. Hence the refractive index profile follows a parabolic shape and light transmissions in the
fiber are shown in figure. The diameter of the core and that of cladding are almost same as that of
multi-mode index fibers. Either a laser or LED's are used as light sources for operating the system. It is

the most expensive of all and used in telecommunication links.
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Attenuation (Transmission loss or fiber loss):

Attenuation is the reduction in power or intensity of light as it travels in the fiber. The reduction may
be due to light absorption, scattering and radiation losses (extensive fiber bends). The net attenuation is
given by a factor called the attenuation coefficient (« ) in dB/km and it is defined as optical power
output to the optical power input for a fiber of length L and a wavelength of the propagating light.

a= _—mlog(@j dB/Km
L P

in

Attenuation in an optical fiber is comparatively less than that in coaxial cables.
Causes of attenuation: The three mechanism through which attenuation takes place are

(1) Absorption losses: The absorption losses occur due to the presence of impurities (like Cr, Cu, ions
trapped within the glass at the time of manufacture) or due to the basic material (glass) itself absorb
energy at certain wavelength. Typical absorption losses are of the order of 0.1dB/km in the 0.8 to 1.6
pm wavelength ranges and 0.03dB/km in the 1.3 to 1.6 pm wavelength range.

(2) Scattering losses: Scattering losses occur due to imperfections and impurities in the fiber material.
Refractive index changes while the signal travels in the fiber. This sharp variation in refractive index is
induced by the localized structural inhomogeneity. This type of scattering is same as Rayleigh
scattering. Rayleigh scattering occurs whenever a light wave travels through a medium having

scattering objects whose dimensions are smaller than a wavelength. Thus it becomes a loss.

(3) Geometrical loss (Radiation loss):

Cladding Microscopic

/~ bends

]

Tl B 1 I

('\1\\\6\“.; Macroscopic Bending

Ny Escaping ray
Geometrical losses occur due to (a) macroscopic and (b) microscopic bends.
(a) Due to sharp bends, some of the light energy escapes through the cladding and leads to loss in the
intensity of light ray.

(b) The microscopic bends cause irregular reflections and some of them then leak through the fiber.
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Applications:
1. Intensity Modulated Optical Fiber Displacement Sensor :

It consists of a bundle of transmitting fibers coupled to the laser source and a bundle of receiving fibers

coupled to the detector as shown in the figure.

The axis of the transmitting fiber and the receiving fiber with respect to the moving target can be

adjusted to increase the sensitivity of the sensor.

transmitting fiber

_ = .- j‘
ﬁ /\\/\ -4 —-Mmoving object
YANVZANE
detector D — Rl e

SOUrCE

recetving fiber

Light from the source is transmitted through the transmitting fiber and is made to fall on the moving
target. The light reflected from the target is made to pass through the receiving fiber and the same is
detected by the detector.

Based on the intensity of the light received, the displacement of the target can be measured, (i.e.) if the
received intensity is more then we can say that the target is moving towards the sensor and if the

intensity is less, we can say that the target is moving away from the sensor.

(2) Fiber Optic communication:

Transmitter [——> Channel [—=> Receiver m’>

Block Diagram

Transmitter

| :

I 1

Audio, | . !

Video | Transducer Coder Optical !
- ) (Information Analog = (Conversion to j Transmitter

e, ! form) Binary Signals) (LED or Laser Source) |

Image : :

Communication Channel

— Optical Fiber — Optical Fiber
_______________________________________________________ : Audio,
t | Photo Detector Decoder Transducer ! Video
: (Photo diode) —) (Conversion of —)  (Information to Analog | Output > '
i Binary Signals) form) | Text,
| | Image

Receiver
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A basic of point to point communication system using optical fiber is shown in figure. The voice of a

telephone user gives rise to electrical signals. These electrical signals are converted to binary data

using coder. These electrical pulses are converted into pulses of optical power by an optical source

(such as an LED or laser) in the binary form.

Now the light pulses is coupled into the optical fiber at an incidence angle less than that of the

acceptance angle. The light pulses inside the fiber undergo total internal reflection and reach the other

end of the fiber and fed into a light detector. Light detector converts the light signals into pulses of

electric signals (current). These pulses are further decoded into analog electrical signal and converted

into the usable form like audio or video.

Advantages (Merits) of optical communication system:

1)
2)
3)
4)

5)
6)

Transmission loss (attenuation) is low.

Fiber is lighter and compact than equivalent copper cables.

Fiber have large data rate compared to equivalent copper cables.

There is no interference in the transmission of light from electromagnetic waves generated by
electrical appliances.

Fibers are free from corrosion effect caused by salt, pollution and radiation.

Cost of the fiber is less compared to the other modes of communication.

Demerits (Disadvantages) :

1)

2)

3)

4)
5)

The joining of two ends of the separated fiber called splicing, is too difficult and fiber loss is
more.

Repeaters are required at regular interval of lengths to amplify the weak signal in long distance
communication.

Bends will increase the loss of the fiber.

Maintenance cost of the systems (Repeaters, detectors etc.,) with optical fibers are very high.
Fibers undergo expansion and contraction with temperature that upset some critical alignment

which lead to loss in signal power.

Problems:

(1) Calculate the numerical aperture and angle of acceptance of a given optical fiber if the

refractive index of the core and cladding are 1.563 and 1.498 respectively.

Soln.: NA=7?,0,=?n1=1.563 & n,=1.498

NA=

NA=
NA=

n —n;

J(1.563) —(1.498)
0.446

22



Applied Physics for EEE Stream Module — 3 : Laser T Optical Fiber Dr. Shivalinge Gowda, Professor of Physics, MRIT

Sind, = NA

0, = Sin*(0.446)

0, =26.5°

(2) An optic glass fiber of refractive index 1.450 is to be clad with another glass to ensure
internal reflection that will contain light traveling within 5 degree of the fiber axis. What
maximum index of refraction is allowed for the cladding?

Soln.: ny=1.450, 6= 5°(or i = 90-5 = 85°%), N, = ?

n,

—= or n, =N, coso,
n1

cos6, =

-.n, =1.45c0s5=1.444

(3) An optic fiber has a NA of 0.2 and a cladding refractive index of 1.59. Determine the core
refractive index and also the acceptance angle for the fiber in water which has a refractive
index of 1.33

Soln.: NA=0.2, n2=1.59, n1=?, 0,=?, np=1.33

Sing, = NA

. 0,=Sin"1(0.2)=11.54° =11"32'

{ 2 2

n —-n

NA= 2
Ny

n, =+/(NA)RZ +nZ =1.612

(4) An optical has core refractive index 1.5 and clad refractive index 3% less than that of core.
Calculate NA, angle of acceptance and internal critical angle.
Soln.:ni=15n=15-3%0f15),NA=?,0.=?2&0.="?
n2 =1.5 - (0.03 x 1.5) =1.455

NA=/n? —nZ = JA.5) —(1.455) =0.3647

0, = Sin"(NA) = Sin™*(0.3647) = 21.39°

0, = Sinl(ﬁJ = Sinl(%j =75.93

n

(5) (1sem 2023) The angle of accepatance of an optical fibre is 30° when kept in air. Find the
angle of accptance when it is in medium of refractive index 1.33
Soln.: Soln.: 6,= 30°, no = 1.33, 6’,=?

2

n; —n;

_r']2

Sing, =yn’-n; and SinG: = -
nO
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. Sing,  [nf-n; 1
- Siﬂ@a n§ \/nlz_ng

. .

S!nea _1 or Sing! = Sing,

Sing, n, Ny

Sing: = SIn30 62 = Sin*[0.3759]
1.33

0 =22.08°

(6) A fiber sample 500 m long has an input power of 8.6 micro watt and an output power of 7.5
MW. What is the loss specification for the cable sample?
Soln.: L =500 m = 0.5 km, Pin= 8.6 pW, Pout= 7.5 pW, ¢ ="?

a:—lolog( °”tde/km
T

n

Iog(7 5) 1.19 dB/Km,
~ 05 l8s

(7) The attenuation of light in an optical fiber is estimated to be 2.0dB/km. What fraction of the

initial intensity remains after 1 km and after 8 km?

Soln.: o« = 2.0 dB/km, (QJ =7 [h] =7
Pin 1Km Pin 8Km

—al
:iolog( OUt]dB/km or [szlo[ 10)
L P P,

n

Intensity remaining after 1 km is

(h] :10(_1251) =0.631
1km

in

Intensity remaining after 8 km is

[hj = 10(7538) =0.025
8km

in

(8) An optical signal propagating in a fiber retains 85% of input power after traveling a distance

of 500 m in the fiber. Calculate the attenuation coefficient.

Soln.:
p :—10Iog(P°“tj dB/km
P.
_ ‘—mlog(ﬂj 1.412 dB/km
L 2\100
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(8) In a step index fiber, the relative refractive index difference is 2% and refractive index of

cladding is 1.4. Calculate the refractive index of core and also the critical propagation angle.
Soln.: A=2%=0.02, n,=1.4, m=?, 6,=?

n-—n :1_&
n n

A=

or &zl—A or n =
n 1-A
14
' 1-0.02
n 14

o= _0098
n, 14285

=1.4285

cos6, =

0. =cos(0.98) =11.48 =11°29’
(9) Consider a slab waveguide made of AlGaAs having RI for core and clad 3.6 and 3.55

respectively. Find, how many modes can propagate in this waveguide if d = 5\
Soln.: n1=3.6, n2=3.55, N=?, d=5\

2 2
N :V_:l|:ﬂ [nlz_nzz:|

2 2| 2
2
N = 1{’” 4 [G6) - (3.55)2}
2| 2
N =44.10 ~ 44

(10) A step- index optical fiber has a core index of 1.46 and the cladding index of 1.409. If the
core diameter is 80micro m and the wavelength of the light source is 1.2micro m, determine
the number of modes present in the fiber.

Soln.: n1=1.46, n,= 1.409, d = 80x10%m, A = 1.2x10%m, N = ?

1[ zd 2

N T

1] 7x80x10°® 2 2 ?
N==-| —F——/(1.46)" —(1.409
2| 1.2x10°° ( ) ( ) }

N =3209.13 = 3209

(11) A single mode step index optical fiber used in communication has a core with refractive

index 1.45, refractive index change of 5x10-3 and a core diameter of 6um. If the operating
wavelength of the communication system is 1.2 micro m, determine the V- parameter of the
cable.

Soln.: n1=1.45, A =5x1073, d = 6um = 6x10°m, A = 1.2x10°m, V =2
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V = zd n —n
2
V= ’;dnl 2A
6
v_w 1.45x/2x5x107
12x10°
V =228

(12) (May22) Calculate NA, Relative RI, V- number and the number of modes in an optical fiber
of core diameter 50um and core and cladding RI are 1.41 and 1.40 respectively. Given
wavelength of source 820 nm.

Soln.: NA=?2,A=?2, V=2 N=?d=50 um=50x10°m, n1 = 1.41, np= 1.40, 1 =820x10°m

NA=/n2 —n =/(L.41) — (L40Y =0.168

n—n, 1.41-1.40

A= = =7.09x107°
n, 1.41
2 2 2
_xd \/— 7x50%107 x /(L. l}l) L) A No V@21 oo
820x10°° 2 2

(13) The refractive indices of the core and cladding of a step- index optical fiber are 1.45 and
1.40 respectively and its core diameter is 45um. Calculate its relative refractive index
difference, NA, V- number at wavelength 1000nm and the number of modes.

Soln.: n1=1.45, ;= 1.40, d = 45 pm = 45x10®%m, A=1000 x10°m, A=?, NA=2,V =7, N=?

n,—n, 145-1.40
n, 1.45

NA=/n2 —n =/(L.45} — (1.40} =0.38
-6
:%m:ﬁx%xm >_<O.38:53.72

1000x10°°

A= =0.0345

2 2
N :\/_:@:1443
2 2

Model Questions:

1. Define the terms: (i) angle of acceptance, (ii) numerical aperture, (iii) modes of propagation &
(iv) refractive index profile.

2. Obtain an expression for numerical aperture and arrive at the condition for propagation.

3. Explain modes of propagation and RI profile.

4. What is attenuation? Explain the factors contributing to the fiber loss.

5. Discuss the types of optical fibers based on modes of propagation and RI profile.
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6. Explain attenuation along with the expression for attenuation co-efficient and also discuss the
types of fiber losses.
7. Discuss point to point optical fiber communication system and mention its advantages over the
conventional communication system.

8. Discuss the advantages and disadvantages of an optical communication.

Numerical Problems:

1. Calculate the numerical aperture and angle of acceptance for an optical fiber having refractive
indices 1.563 and 1.498 for core and cladding respectively.

2. The refractive indices of the core and cladding of a step index optical fiber are 1.45 and 1.4
respectively and its core diameter is 45 um. Calculate its fractional refractive index change and
numerical aperture.

3. Calculate numerical aperture, acceptance angle and critical angle of a fiber having a core RI 1.50
and cladding RI 1.45.

4. An optical fiber has a numerical aperture of 0.32. The refractive index of cladding is 1.48.
Calculate the refractive index of the core, the acceptance angle of the fiber and the fractional
index change.

5. An optical signal propagating in a fiber retains 85% of input power after travelling a distance of
500 m in the fiber. Calculate the attenuation coefficient.

6. An optical fiber has core Rl 1.5 and RI of cladding is 3% less than the core index. Calculate the
numerical aperture, angle of acceptance critical angle.

7. The numerical aperture of an optical fiber is 0.2 when surround by air. Determine the RI of its
core, given the RI of the cladding is 1.59. Also find the acceptance angle when the fiber is in
water of Rl 1.33.

8. The angle of acceptance of an optical fiber is 300 when kept in air. Find the angle of acceptance
when it is in medium of refractive index 1.33.

9. An optical fiber of 600 m long has input power of 120 mW which emerges out with power of 90
mW. Find attenuation in fiber.

10. The attenuation of light in an optical fiber is 3.6 dB/km. What fraction of its initial intensity is
remains after i) 1 kmand ii) 3 km ?

11. The attenuation of light in an optical fiber is 2.2 dB/km. What fraction of its initial intensity is

remains after 1) 2 km and ii) 6 km?

27



Applied Physics for EEE Stream Module — 3 : Laser T Optical Fiber Dr. Shivalinge Gowda, Professor of Physics, MRIT

***END***
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Module — 4: Maxwell’s Equations and EM waves

Syllabus:

Maxwell’s Equations and EM waves: 8 Hrs

Maxwell’s Equations: Fundamentals of Vector Calculus. Divergence and Curl of Electric field
and Magnetic field (static), Gauss’ divergence theorem and Stoke’s theorem. Description of
laws of Electrostatics, Magnetism, Faraday’s laws of EMI, Current Density, Equation of
Continuity, Displacement Current (with derivation), Maxwell’s equations in vacuum,
Numerical Problems

EM Waves: The wave equation in differential form in free space (Derivation of the equation

using Maxwell’s equations), Plane Electromagnetic Waves in vacuum, their transverse nature.

Pre-requisite: Electricity & Magnetism

Self-learning: Fundamentals of vector calculus.
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Module-4

Maxwell’s Equations and EM waves

Vector Analysis
Introduction

We come across with various types of physical quantities in our daily life. They are classified into
two categories viz Scalars and Vectors.

Scalars

Any physical quantity having only magnitude is known as Scalar. Just a number along with an
appropriate unit determines it. There is no scope for the direction. Time, temperature, Speed,
energy, work done, voltage, charge, power, volume, etc are some more examples for scalar.

Vectors

Vector is a quantity having both magnitude and direction. Displacement, velocity, acceleration,
force, electric field intensity, momentum, torque, etc are vectors.

A vector is represented by as follows

R:\ﬁé

Where,

Ii‘ = magnitude of the vector

a = direction of the vector
The magnitude of R is given in terms of its coordinates as

N =

R R xi+yj + zk
a=—=

Rl eryies

Unit vector is given by

Here i, j, k are unit vectors
Now consider two distinct points P (x1,y1,z1) and Q (X2,y2,z2) then

PQ=R=(x;—x)i+ (V2 —y1)j + (22 — z1)k

Here, (x, — x1), (y2 — ¥1), and (z, — z,) are called as components of the vector
|§| = \/(xz —x1)%+ (2 —y1)? + (2, — 21)?

R _ (2 —x)i+ (v, —y1)j + (22 — zk

IR| Gz = %)% + (v, —y1)? + (2, — 2)?

Vector multiplication

A vector can be multiplied by another vector in two different ways namely (i) Scalar product (dot
product) (ii) Vector product (cross product)

a=
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. Scalar Product (dot product):

Scalar product or dot product of two vectors is defined as the product of their magnitudes and
cosine of the angle between them. Scalar product of two vectors results in a number (a scalar)

If P and @ are two non-zero vectors acting at point at an angle 6 then
P.Q = |P||@|coso
Work done (W) by the applied force on a rigid body is an example for scalar product and is given
by the scalar product of force (F) and displacement (S)
W=F.S= |13||§|cost9
Electric flux, another example, is the scalar product of electric intensity and surface area. In scalar
product we have
i.j=jk=ki=01i=jj=kk=1
Basic properties of scalar product are

i. .0=0.P Commutative property
ii. (kP).Q = P.(kQ) = k(P.Q) Associative property
iii. P.(Q+R)=P.Q+P.R Distributive property
iv. .0=0.P=0

1. Vector product (Cross product):
Vector product or cross product of two vectors is defined as the product of their magnitudes and

sine of the angle between them. The vector product of two vectors always gives a vector quantity.
If P and Q are two non-zero vectors acting at point at an angle 6 then

B G =||fsine

The cross product of P and Q is always perpendicular to the plane containing P and Q

Torque (t) acting on a dipole placed in the electric field is given by the cross product of field
intensity (E) and dipole moment (p)
= pxE =|p||E[sin0
Force acting on a charged particle moving in the external magnetic field is given by the cross
product of velocity and magnetic field intensity. In vector product we have
ixj=k jxk=1i kxi=j ixi=jxj=kxk=0
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In cross product the direction of the resultant vector is given by thumb rule
Basic properties of vector product are

i. PxQ= —(5 X 53 Anti-commutative property

ii. (kP) x @ = Px (k@) = k(P x §) Associative property with respect to scalar
iii.?x (QxR)# (PxQ)xR Not Associative property with respect to vector
iv. Px(Q+R)=PxQ@+PxR Distributive property

V. PX0=0xP=0

Scalar and Vector fields

A point in space is described by three independent parameters. A continuous function of the
position of a point in space is known as point function. The region of space in which the point
function specifies a physical quantity js known as field.

Any field, for that matter, always represents region of influence. Consider some examples.
Electrostatic force around a charged body, temperature of air around the flame, density of gas that
makes up the body of a star, flow of incompressible fluid, pressure of air on the earth etc. In these
examples, each point function represents a physical quantity. The point function may have only
magnitude or both magnitude and direction. Based on the nature of the point function, field is
classified as Scalar field and Vector field

Scalar field:

Scalar field is a region of space where each point is associated with scalar point function i.e., it
has only magnitude and does not depend on how the coordinates are chosen. It is represented as
f(x).

In the above mentioned examples density of gas, temperature of air and pressure of air at a given
point are clearly function of position and does not consider coordinates. Hence they are scalar
fields. Scalar fields are represented by drawing surfaces.

Ex: density of gas, temperature and pressure of air, Electrostatic potential

In the above mentioned examples density of gas, temperature of air and pressure of air at a given
point are clearly function of position and does not consider coordinates. Hence they are scalar
fields. Scalar fields are represented by drawing surfaces.

Electrostatic potential around a charged body is also a scalar field. Each surface that passes
through all the points having same scalar quantity is known as equal or level surface. Equipotential
surface is one such surface. It passes through all the points at same electric potential around a
charged body
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Vector field:

Vector field is a region of space where each point is associated with vector point function i,e, it
has magnitude and direction; both of which change from point to point. It is represented as v(x)
At any instant, velocity vector of water flow, velocity vector of a rotating body, force acting on a
test charge in the electric field, intensity of magnetic field around a bar magnet, etc are the
examples for vector field.

Vector field is represented by vector lines, lines of surface. The tangent at a vector line gives the
direction of the vector at that point

Scalar field Vector field Vector field

There are two mathematically important properties of vector field namely circulation and flux.
They are frequently used to describe the laws of electricity and magnetism.

Circulation: For any vector field the circulation around any imaginary closed curve is defined as
the product of average tangential component of the vector and circumference of the loop

Circulation = ﬁl.ml + ﬁz.gl)z + 1_53.3[)3 + ———= % ﬁi.a}i

Flux: For an arbitrary closed surface, the flux (either outward or inward) is the product of average
normal component of the vector and surface area. The outward flux is positive and inward flux is
negative.

flux = ﬁl.ES:l +62.E§2 +63.E§3 + ———= %51%:

Vector Calculus

Vector calculus includes both vector functions (vector fields) and scalar functions (Scalar fields).
Vector calculus owes much of its importance in engineering and physics to the gradient,
divergence and curl. Some of the vector fields (not all) can be obtained from scalar fields by
performing specific operations on them.

When field vary with respect to time, we describe the variation by taking their derivatives with
respect to time. Similarly, if a point function in the field varies with respect to position, we can
describe the variations with respect to position. This is nothing but directional differentiation.
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Consider the case of variation of temperature at different positions around a red hot iron sphere. It
is decreasing along x, y and z axes. The rate at which it decreases along x — axis does not depend
ony & z axes. Similarly the decrease rate along remaining 2 axes also independent of other axes.

v

Let T(x,y,z) be the temperature (scalar) at a point in space. Then a—T a—T & — denote the rate of

change of T along x,y & z axes
Now consider two points P and Q in space at which the temperature is T1(X,y,z) and Tz( x+dx,
y+dy, z+dz) then the variation of temperature from P to Q is given by

aT aT aT
dT = adx +$dy+a—zd2— - - —(1)
Here we introduce an operator called ‘del operator’ (V) as
0 0 0
(5t 57t 5 k)

and eq (1) is rewritten as

ar=vr =L o0 ot
gar =o' Tay) Tz

DEL operator

Like any other operators in mathematics like addition, subtraction, differentiation, summation,
integration etc, V (del) is also an operator. It is a vector operator which operates on both scalars
and vectors. It is written as

V—(a“+a“+ak>
~\ox' "oy T oz

V alone, it means nothing. When multiplied by a scalar, then also it is nothing. If a scalar is
multiplied by V then it carries a meaning. In ordinary algebra

TA=AT
Where T is scalar and A is vector. But the same is not true in the case of V operator
e TV+ VT

V obeys the same convention as the derivative notation. What is to be differentiated must be placed
on the right side of theV. When operated on scalar and vector we obtain three parameters namely
gradient, divergence and curl.
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Note:
»  V Operator is a vector. When a vector is multiplied by a scalar, the resultant is vector. Multiplying vector by
another vector via dot product yields a scalar and multiplying a vector by a vector via cross product gives a
vector quantity.

> Similarly V gives a vector quantity (VT-grad) if multiplied with a scalar T; scalar (V.H-Div) if operated ona
vector h by dot product; and a vector ( V x h- curl) if operated by cross product

Gradient of scalar field
Gradient at any point in the scalar field is equal to the rate of change of scalar along the normal to
the surface at that point. If f(x,y,z) is scalar point function then

grad f =Vf
df =V —(a“+a“+612)
gmf_f_axlay 6Zf

Explanation:

Consider the case of temperature variation around a red hot iron block (as mentioned above). The
decrease in the temperature along any direction represents the gradient (directional differentiation).
As we move away from the block, temperature keeps decreasing gradually. This is nothing but
negative gradient. On the other hand, if we move towards the block, temperature increases and
hence the gradient is positive.

Note: Equation (1) can be written as
T
—i +—yj +—Zk).(dxi + dyj + dzk)
dT = VT.dr = |VT||dr|cos6
Here, VT is gradient, dr is position vector and 6 is the angle between them. According to this
equation
i If 6=0, then VTis positive and dT is maximum, ie, gradient points in the direction of

maximum increase of scalar function T
ii. If 6 = 180, then VTis negative. T decreases in the direction of VT

Physical significance

i.  Gradient of a scalar field is a vector. It is directed along the increasing scalar field
ii.  In the case of red hot iron sphere VT increases as we move towards the sphere. Hence
T(x,y,z) also increases
ii.  If T(x,y,z) is a continuously differentiable real value function like temperature around the
red hot iron sphere, then V'T # 0
iv.  Electric field is actually negative gradient of potential
v.  There is no meaning for gradient of a vector

There exist electrostatic potential (V) and electric field intensity (E) around a charged body. From
the fundamentals of electrostatics, we have learnt that potential and electric intensity are related as
(along x-axis)
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R av
E=-(5r%)
In 3-d Cartesian system
E=—(a—vl v, a—Vk>——vv
d dy 0z

Electric intensity is also called as “negative gradient of electric potential”. The negative sign
indicates that the potential decreases in the direction of electric field intensity. If the body is
positively charged electric intensity is radially outward and as we move away from charged body
potential decreases as shown in the following figure.

Divergence of a vector field

From the discussion of gradient operation we came to know that when vector operator V
operates on a scalar, it yields a vector quantity called gradient. Gradient simply represents the
maximum rate of increase of scalar field and directed normal to the surface. Now the question is,
can we do any algebra with the vectorV?. If the answer is yes, what will be the resultant
quantity?. Here is the explanation.

One can take the dot product of V and a vector v (or h). The resultant is termed as divergence and
it is always a scalar
Divergence of a vector point function is the dot product of V and a vector. If h(x,y,z) is a vector
point function in 3-D space, then its divergence is given by
_ g, 0, 0 . . . -

divV = V.h = (al +3) +£k).(hxl + hyf + k)
It is also defined as the surface integral of the flux per unit volume as dV tends to zero. Hence
divergence of a vector is also written as

L. $RdS
V-h = dlilfrllo dv

Explanation:

Consider a vector field, say flow of water. Imagine a closed surface in this field and assume that
you are sitting inside the surface. Now ask a question; whether I am losing ‘something’ from
inside? (or, does the outflow is more than inflow?). It can be decided by looking at the velocity
vectors normal to the surface. If there are more outward velocity vectors than inward then, yes,
you are losing something. In this context we can define a quantity called flux which is intimately
related to divergence.
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The amount of outward (or inward) flow of fluid through the surface per unit time is known as
“flux”. It is calculated by multiplying the average normal component and the surface area (dot
product).

flux = (normal component). (surface area)

In the above situation, consider a small surface area which encloses volume dV. The net out flow
over this surface is obtained by integrating the flux over the surface (surface integral). The surface
integral of the flux per unit volume as dV tends to zero is known as divergence. Hence divergence
of a vector is also written as

av-o0 dV
If E is the vector field (electric field), ds is the area vector and V is the volume enclosed by the
surface then

— —y
<— -—

Physical significance
I.  Divergence of a vector represents “how much of the vector filed is flowing out’ (or flowing

in) over a surface area. It is always associated with flux.

Ii.  If the net flow is outward then divergence is positive. If the net flow is inward then the
divergence is negative

iii.  The point of positive divergence is “source” and the point of negative divergence is “sink”

iv.  If the flow is steady (net inflow is equal to out flow) then divergence is ZERO, V.h = 0.
In such case the vector function is termed as incompressible or solenoidal

V.  There is no meaning for divergence of a scalar

Curl of a vector field

As mentioned earlier (in vector field section), circulation is one of the two mathematically
important properties of vector field. In the case of magnetic field around a straight conductor
carrying current or whirlpool in which water mass is rotating, vector function is rotating about a
fixed axis. The term circulation is associated with such kind of rotating vector fields and the
rotational effect is measured in terms of “curl
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Curl of a vector point function is the cross product of V and a vector. If E(x, y, z)is a vector point
function in 3-D space, then its curl is given by

A
s = =
R - o a o ~
curl B=VxB=|— — — LA P
ox dy 0z N g 2
B, B, B, > B

Curl of a vector is also a vector whose direction is obtained by right hand rule( perpendicular to
the plane containing the two vectors namely V and §)

Curl is the measure of net circulation and in this context we can write curl as

. ~ _ ($B.dl
curlB =V X B = lim —
5-0 S

It is explained as follows

Consider the case of magnetic field produced by a straight conductor carrying current. Imagine a
loop in this field and draw tangents at different points on the loop. When you observe these
tangents, you feel they are rotating (circulating) about a particular axis. Take the integral of these
components all the way around the loop. The integration gives circulation of the vector field
around the loop.

circulation = f B.dl

The measure of net circulation is known as curl. Circulation goes on decreasing as we reduce the
size of the loop and area enclosed by the loop(s). Finally it reaches a limiting value when the area

approaches to zero. In this context we can write curl as

- - ($B.dl
curlB=V X B =lim|——
S5-0 S

Physical Significance

i.  Curl of a vector represents the rotational effect of the vector field.
ii.  If the field is uniform (like electric field due to infinite charge) the curl is zero. A vector

field is said to be irrotational if the curl is zero ie, ¥ x B = 0

iii.  For certain vector fields, (non uniform fields) the curl of a vector is non-zero, meaning
thereby that they have the capability to rotate.

iv.  Curl is a measure of the vorticity of the field at the point (a measure of the rate of rotational
spin in a fluid)

v.  There is no meaning for curl of a scalar

Types of Integrations

Integration is a process of bringing things together which were lying between two limits. These
things may be spread over a line or surface or in space. Accordingly we have line integral, surface
integral & volume integral
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Line integral

A Line integral is an integration of a function along a curve. One can integrate scalar valued
functions (like mass of a wire) or vector valued functions (like work done by a force) along a curve
In the following fig, work done by a force F in displacing an object along the path CD is calculated
using line integration as follows

D
W=F1dll+F2dl2+F3dl3+ __=j Fdl
Cc

Surface integral

In Surface integral, we add up the vector components that are flowing through surface area. Like
line integral stands for work done, surface integral represents flux. Hence it is also known as flux
integral

In the following fig, flux is calculated over a closed surface by dividing it into small surfaces each

A ECJ,

flux (d)) = 1_7)1._d_§1 + 1_7)2._d_§2 + 53.%)3 + ———= f’l})lﬁl

Volume integral
A volume integral refers to an integral over a 3-D domain, that is, it is a special case of multiple
integrals (Wikipedia definition). It is used to find the volume of solids, volume of revolution, etc

szgAdV

Gauss divergence theorem:
This theorem was originally started from the study of fluid and It helps to convert volume integral
into surface integral

Statement:

The surface integral of flux of a vector field E (say electric field) over any closed surface S is equal
to volume integral of the divergence of the same field. The mathematical form of divergence
theorem is as follows

fﬁ.ﬁi‘ = f(v.ﬁ)dv

10
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Proof:

Consider a vector field E in space. Take many adjoining incremental volumes of any shape, we
form a macroscopic volume V with enclosing surface S as shown in Fig. However, each interior
common surface between incremental volumes has the flux leaving one volume (positive flux
contribution) just entering the adjacent volume (negative flux contribution) as in Fig. The net
contribution to the flux is zero for all interior surfaces. Nonzero contributions to the flux are
obtained only for those surfaces which bound the outer surface S of V (shaded area)

The total flux is obtained by adding all contributions from each differential volume. Let dS1, dS»,
dSg, etc are the surface areas of the faces of small incremental volumes. The net flux is given by
§E0S = § B3, + § .5, + § B35, + - -
N
jﬁ E.d5 = 36 E.d5,

i=1

3@?.'&3:2 ﬁ"/d_s)i————m

=

i=1
By definition of divergence,

From (1) and (2) we get
N
fﬁ.x =SVE.E----@)

In limiting case we can write

N
szfdv
i=1

Hence equation (3) becomes
jéf.d—s’ - jﬁ(ﬁ.f)dv

11
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Stokes’ Theorem
This theorem helps us to convert line integral into surface integral

Statement:
The line integral (or circulation) of a vector field F around a fixed macroscopic path is equal to the
surface integral of curl F over a surface bounded by the path.

§F.di= (7 x S

This theorem helps us to convert line integral into surface integral

Maxwell’s Equations

Introduction:

Two branches of physics namely electricity and magnetism developed quite separately until
Oerstead showed that a current carrying conductor can produce magnetic field around it(1820).
With this discovery, a new branch called “electromagnetism’ came into existence. It is indeed an
amalgamation of three phenomena namely electrostatics, current electricity & magnetism.
Oerstead, Ampere, Henry, Faraday and others have contributed to this area. The basic phenomena
and the connection between the three disciplines were ultimately described by Maxwell (1831—
1879) in four famous equations popularly known as Maxwell’s equations.

It is now time to discuss ‘God’s own equations’ (according to Boltzmann) and ‘most significant
event of 19" century’ (according to Richard Feynman)- Maxwell’s equations. They are as
important in electrodynamics as Newton’s laws of motion in classical mechanics

Gauss's theorem in electrostatics (Maxwell's equation-I)
Maxwell's first equation is derived immediately from Gauss's theorem in electrostatics as follows

The surface integral of net flux is equal to (1/eo) times the charge enclosed by the surface

- — 1
f E.dS = — (genct)
€o
Using divergence theorem we can reduce this equation to
~V.D=p
This is known as Maxwell’s 1% equation
Here p is known as volume charge density and B =& E called displacement vector

Gauss theorem in magnetism (Maxwell equation —I1)

The Gauss theorem in magneto statics gives us the second Maxwell equation
The net flux of the magnetic field through a closed surface is zero irrespective
of whether it encloses any source or not

fﬁﬁzo
Again using divergence theorem we can reduce this equation to

~V.B=0
This is known as Maxwell’s 2" equation

12
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Biot-Sovart law.

Magnetic field produced by a current element is given by Biot-Sovart law. It states that

The magnitude of field produced at a point due to current carrying conductor is directly
proportional to current in the conductor, length of the conductor, sine of the angle between line
joining the point and direction of the current and inversely proportional to square of the distance

uo) Idlsin @

de(E

r2

Biot Savart law is similar to Coulomb’s law. Both show linear relationship between source and
field. Both are inverse square laws. The main difference is that Coulomb’s law does not speak
about the direction of the field.

Current element:

The product of magnitude of current and small length of the conductor (Also called as differential
length) through which current flows is known as current element (ldl). As charge is for electric
field, current element is for magnetic field.

Law of Electromagnetic induction (Maxwell equation —I11)

Maxwell’s 3" equation is a direct consequence of laws of Electromagnetic induction. Law of EMI
states that

An emf is induced in a coil due to continuous change in the magnetic flux linked with the coil and

magnitude of induced emf (e) is directly proportional to rate of change of flux (@)

do
T
From this equation we can show that the induced electric field E is
, 0B
(VXE)=- ¥

This is Maxwell’s 3" equation

Continuity:

According to Maxwell “A quantity is said to be a continuous function of its variables when, if the
variables alter continuously, the quantity itself alters continuously”.

We shall now find the continuity of current in terms of current density

Continuity of Current:

Statement: The total current flowing out of some volume is equal to the rate of decrease of charge
within that volume. The mathematical form of this statement is

13
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ap,
at

This is the equation of continuity.

V.j=-

LHS represents the divergence of J. If the divergence of J is positive, then more charge is leaving
than that entering the specified volume. If charge is leaving, then the amount of charge within the
volume must be decreasing. This is exactly what the RHS is.

Ampere’s Circuital theorem

Ampere’s circuital law is very similar to the Gauss’ Law in electrostatics.

The line integral of tangential component of the magnetic field strength around a closed path
is equal touo times the current enclosed by the path.

$B.dl = pol ————(1)
It can also be written as
$Hdl=1-———(1)

This theorem fails in the case of varying fields. Look at the case of parallel plate capacitor
connected to AC source. Imagine a pot shaped loop around one of the plate. When Ampere’s law
is applied over loop L» the RHS of eq (1) becomes zero. But actually there is magnetic field in the
gap between the plates. In order to explain this contradiction Maxwell introduced Displacement
current

—

Displacement current (Ip)

While correcting the Ampere’s law for time varying fields, Maxwell introduced a new quantity
called displacement current density (Jo). This is 3 kind of current density. [The other two are
conduction current density (J=cE) and convection current density (J=pyV)].It leads to a new type
of current called displacement current (Ip).

Displacement current is defined as the current produced by time varying electric fields

It is same as conduction current (1) arising due to flow of charges in conducting wire and capable
of producing all the effects. The expression for Ip is obtained as follows

The electric field between two plates of a parallel plate capacitor is

_o_ 4
gy Agg
Flux due to this field is
A
oopa-dA_4
Agy &
dd 1dq
dt g, dt

14
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dq do

dt dt
LHS of the above equation is nothing but electric current. Hence RHS also shall represent current
and it is known as displacement current (Ip)
/ do
= & —
D 0 dt

This is the expression for displacement current

Ampere-Maxwell law (Maxwell equation —IV)
The modified Ampere’s law, now called as Ampere-Maxwell law, is therefore

ng.dl=I+ID

Here | = conduction current; Ip = displacement current

Using Stokes’ theorem we can reduce this equation to
VxH=]
This is Maxwell’s 4™ equation
Difference between Ipand |
i Displacement current is due to time varying fields where as conduction current is due
to steady fields
ii. Displacement current does not require any material medium for the flow whereas
conduction current requires conducting wires for the flow
iii. Displacement current can exists even in free space (Vacuum) whereas conduction
current do not have this privilege
iv. Displacement current is basically rate of change of electric flux whereas conduction
current is the rate of flow of charge

Maxwell’s equations in statement form (only for steady field)

Maxwell’s equation-|

Divergence of electric flux density over a closed surface is equal to the volume charge density
enclosed by the surface.

V.D = p
Maxwell’s equation-|1
Divergence of magnetic flux density over a closed surface is always zero
V.B=0
Maxwell’s equation-111
Curl of the induced electric filed is equal to negative rate of change of magnetic flux density
0B

(VXE)z—E

Maxwell’s equation-1V
The curl of magnetic field induced is equal to current density.

-

VxH=]

15
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Steady Field

Eq.No | Point form Source

1 v.D=p Gauss  theorem  in
electrostatics

2 V.B = Gauss  theorem in
Magnetism (Non-
existence of monopoles)

3 (Vxﬁ) =0 Laws of EMI

4 E’ < H = ]-> Ampere’s circuital law

Plane EM waves
Introduction:

Two most significant and remarkable outcomes of Maxwell’s equations are (i) existence of
displacement current (ii) prediction of electromagnetic wave (EM wave).
When E and H vary in two mutually perpendicular planes then the net energy propagates in the
form of a wave in a direction perpendicular to both E & H. This wave is known as uniform plane

wave
A uniform plane wave is one

i Which contain both electric field (E) and magnetic field (H) in transverse planes.

ii. The normal to the transverse plane represents the direction of propagation.
iii.  The variation of E & H is only along the direction of propagation — ie, normal to the

transverse plane and remain same in their respective planes.
We shall now obtain an equation for EM waves using Maxwell’s equations.

Expression for EM wave
Consider Maxwell’s equation in homogeneous medium

N 9B yaﬁ
(P E) == =%
. a(VxH
\7><|7><E=—”(at>< )
But Vx(Vxh)=V({V.h)—V?h
, S a(VxH
~V(V.E) - V?E = _Ho(vx H)
dat
ButV.T)’:p,,:V.E:pg—”
(P 2_,__ua(|7><171))
v
PutV x H = 7 e0E
ut V' x —]+¥

16
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p . d (. €dE aJ 92E
V(—v)—VzEz—u—<]+7>=—u——,ue

£ at at otz
2F ?E _ 9] P\ _ _ __
V2E —peds =ng +V (%) )
In free space, J=0 and p=0. Hence
2E
2F — —=0—-————(2)
4 Ho&o EYD
Equation (2) is in the form wave equation travelling with velocity v
V2 Lo =0 3
f v2 ot (3)

Hence we conclude that equation (2) represents the uniform plane electromagnetic wave travelling
in free space. Its velocity is given by

An EM wave propagates along x- axis in homogeneous medium along with E parallel to y- axis
and B along z- axis. Both E and B shall vary along x-axis. Their instantaneous values are given by

E(x,t) = Eysin(kx — wt)a,
B(x, t) = Bysin(kx —
wt)a”,Here K = wave number; o = angular frequency

Properties

» EM waves consists of vibrating electric and magnetic fields. Hence they are transverse

«  They travel with a speed of 3 x 108m/s in free space or vacuum

» They transmit energy through matter or across space.

» They undergo reflection, refraction, diffraction, polarization

» Photoelectric effect, Compton effect and pair production are some exclusive properties of
EM waves

« Although all electromagnetic waves travel at the same speed across space, they may differ
in their wavelengths, frequencies, and energy levels

» They exert pressure on the surface of incidence. It is called radiation pressure

17
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Polarization

The electric component of an electromagnetic plane wave can oscillate in any direction
perpendicular to the direction of wave propagation. Suppose that the wave is propagating in the x-
direction, the electric field can oscillate in any direction that lies in the y-z-plane. Such wave is
said to be Un polarized

If the electric field is restricted to any one direction then the wave is said to be polarized

F]

LY +3

| | y=-plane

X

.
»

v

Un polarized __J Linearly Polarized

i
i

There are three types of polarization namely

linear polarization,
circular polarization
elliptical polarization

When the orientation of the E-field vector does not change, we say that the wave is linearly
polarized. Its tip along a particular axis describes a straight line. Hence it is called linear
polarization

If we combine two linearly polarized waves of equal amplitude of E vector having a phase
difference of n/2; one polarized in the y -direction, and one in the z-direction, then we
obtain a circularly polarized wave. The tip of the resultant E vector traces out a circle in
the plane perpendicular to direction of propagation. Hence the name is circular polarization

If we combine two linearly polarized waves of unequal amplitude of E vector having a
phase difference of ©/2; one polarized in the y -direction, and one in the z-direction, then
we obtain a elliptically polarized wave. The tip of the resultant E vector traces out an ellipse
in the plane perpendicular to direction of propagation. Hence the name is circular
polarization

18
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Solved Numericals

1. Find the gradient of f(x,y)=xy?+x3y at the points (1,2)

Solution:
d(xy® +x%y) 9(xy® +x°y)
Vf = ( o i+ 3y J
Vf = (y* + 3x%y)a, + (2xy + x3)a,
Put x =1, y=2,

VFf=(2%2+3@2)i+ (1*+4)j =10i + 5j
Vf = 10i + 5j = (10,5)
2. The force in an electric field is f(x,y)= x?- y?. Find the gradient of f at P(-1,3)

Solution:
(x> —y*) 0(x*—y?)
Vi = ( dx Lt ay J
Vf = (2xi —2yj)
Vf=Q2EDi -23)j) =(-2,-6)
3. Let a vector field be P = x%i + y?j + z*k. Find the divergence

Solution:

" o, d 0 e o o
V.P=(al+@]+£k>.(XL+y]+Z k)
V13,:(')352_I_(')yz_l_(')z2
' ox 9y 0z

V.P=2x+2y+2z=2(x+y+2)
4. Let the velocity vector is ¥ = yd,. Show that the flow is incompressible
Solution:

The flow is said to be incompressible only if V.7 = 0

vom(Lie 2y L) on
V=Gt Tak) O
dy

V.U=a=0

Hence the flow is incompressible
5. Let the vector point function is P = yzi + zxj + xyk Show that it is solenoidal
Solution:

Condition for solenoidal V.P=0

> (0. 0. 0 : .
V.P = (al +@] +£k).(y21 + zxj + xyk)
d(yz) 0(zx) 0(xy)
ax T ay | oz ) =0

Hence the given vector is solenoidal

v.ﬁ:(
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6. Let the vector point function is P= yzi+ zxj + xyk . Find the curl. Is it rotational or
irrotational?

Solution:
i j k
curl P = i i i
dx 0dy o0z
yz Zx Xy
B = i <a(xy) ~ a(zx)) _(0Gy)  0(y2) Tk (0(zx) _ 6(312))
“\Tay " ez )/ \Tax ez ox oy

curl B = ix—x)—jly—y)+k(z—2)=0
Curl is zero. Hence the given vector field is irrotational
7. Show that the electric field represented by a vector E = (z% + 2x + 3y)i + (3x + 2y +
z)j + (y + 2zx)k is irrotational

Solution:
i j k
o d d 0
curl P = % @ 37

(z2+2x+3y) (Bx+2y+2z) (y+2zx)
L (0(y+2zx) 00Bx+2y+z)\ _[(d(y+2zx) 0(z®+2x+3y)
curl P =i ( - ) | -
ay dz 0x 0z
0(3x +2y+z) 0(z%+2x+3y)
+k -
0x ady
curl P=i(1-1)—j(2z—22) +k(3—-3) =0
Hence the given field is irrotational
8. The flux density is given as D = le (10xyza, + 5x*za, + (223 — 5x*y)a,) in cartesian
coordinates. Find the divergence at P(-2,3,5)

Solution:

In Cartesian coordinate system divergence is given by
—~ 0D, 0D, 0D,
V.D = + +

dx dy 0z
- 1 /010 d(5x? 0(2z3 — 5x?
o5 L(000xyn) a(sxz) a2z~ 5xy)
z? 0x dy 0z
- a(10 2z0(5) 1 0(2z%—5x2
o5 _y20010%)  x'23(5) 10(27° = 5x%)
z2  Ox zZ2 0y  z? 0z
- 10 2
V.D:_y+o+z+1o(g)
A z
Put P(-2,3,5)

V.D=6+2+0.96
V.D = 8.96 C/m®

9. Find the div and curl of D if D = x2yi — (23 — 3x)j + 4y%k

20
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oD, 0D, 0D,

VD=t Tz
- 0(x%y) 0(z®—3x) 04y*
V.D = o 3y + a7 2xy
i j k
|5 = d 9] d
U= ox dy 0z
x%y —(z3-3x) 4y?
15 = 0(4y*) 9(=(z®-=3x))\ [9(4y*) a(x%y) . 0(=(z° —3x)) a(x*y)
cur _L< ay 0z )_]< ox o0z >+ ( ox Cay )

curl D = (8y + 32z%)i + 3 — xVk
N 3.2
10. Calculate the divergence of the vector field F = (3x + 2z2)i + %j —(z—7x)k

. OF, 0F, 0F,

V.F—ai‘@'i‘g
x3y?
Vﬁ_6(3x+222)+a( Z )+6(—(z—7x))
o ox dy 0z

S 2x3

V.F=2+ e
z

11. Write the position vector of a point P(2, -3,4) and hence find its magnitude and unit
vector.

Solution:

Position vector R= 2d, — 3a, +4d,

Magnitude |R| =22 + (=3)2 + 42 =29

Unit vector

azﬁzzax—3ay+4az
H V29

12. Find the components and magnitude of R with initial point P (3,4,-1) and terminal point
Q4,7,3)
Solution:

Components are given by (x, — x;1), (y2 — v1), and (z, — z,)

Components of R = (4 - 3),(7 — 4) and (3 - (-1))

Components of R= (1, 3,4)

Magnitude of R = V12 + 32 + 42 = /26
13. LetP = (3,2,1) and Q= (4,3,7). Find P+ Q,P — Q and 2P — Q . write the answers
in component form
Solution:

P+Q0=0GB+42+31+7) =(758)
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Component form is P + Q = 7d, + 5a, + 84,
P-0=03-42-31-7)=(-1,-1,-6)

Component formis P — § = —1a, — 14, — 64,

2P - Q =2(3,2,1) — (43,7) =(642) — (43,7) = (2,1,-5)
Component form is 2P — Q = 2@, + 1, — 5@,

14. 1f the components of P, @ and R are (3,2,4), (-1,4,7) and (5,2,-2) then show that (P + @) +
R=P+(Q+R)

Solution:
P+0=0328)+(-147)=0B-12+44+7) = (2,6,11)
(P + Q)+R=2611)+(52,-2) = (2+5,6 +2,11 - 2)
(P + Q)+R =789 ———-(1)
Q + R=(-147)+(52,-2) = (-1454+2,7—2) = (46,5)
P+(Q+R)=(3B24) + (465 =B3+42+64+5)
P+(Q+R)=(789)———-—(2)

From (1) and (2); (P+Q)+R=P+(Q+R). Hence the proof.

15. Two forces acting on a body are F_{ = 10a, — 20.4a, + 2d, and F{ = 15a, — 6.2a,.
Find the angle between them.
Solution:

F.F, = (10 X 15) + (=204 X 0) + (2 X —6.2) = —162.4

|Fi| = V102 +20.4Z + 27 = 22.8

|Fy| = V152 + 6.22 = 16.2
5 F.F,  —1624 0.439
OV TIENR| 228x162

0 = cos~1(—0.439) = 116°

Questions for exercise

Discuss scalar product and vector product along with examples

Explain the terms scalar field and vector field. Give examples

Explain scalar field in detail. Give examples

Explain in detail what vector field is. Give examples

Give expression for del operator. Is it a scalar or vector?

Define gradient of a scalar field. Give example. Write a note on its physical significance
What is divergence? Give the examples and expression for the same. discuss its physical
significance

8. When does the field is said to be incompressible or solenoidal ?

No ok~ owddE
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9.

10.
11.
12.
13.
14.
15.

16.
17.
18.
19.
20.
21.

22.
23.
24,
25.

26.

27.

28.

29.
30.
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Define curl of a vector field. Give the examples and expression for the curl. What is the
value of curl for irrotational filed?

Discuss the significance of curl

Discuss three different types of integrations

State and explain Gauss divergence theorem

Prove the Gauss divergence theorem

State and explain Stokes’ theorem

State and explain

I. Gauss theorem in electrostatics

ii. Gauss theorem in magnetism

And hence write Maxwell’s I and II equations

State and explain Biot-Sovart law

State and explain faraday’s law of electromagnetic induction

State and explain Ampere’s circuital theorem. What is its limitation?
Explain the Maxwell’s correction to Ampere’s circuital law.

What is displacement current? Obtain the expression for the same
Discuss the Maxwell’s correction to Ampere’s circuital theorem and hence write Ampere-

Maxwell law

Distinguish between conduction current and displacement current

List the 4 Maxwell’s equations for steady field in vacuum

Give a brief account of Maxwell’s EM wave theory

Starting from Maxwell’s equations derive the 2" order differential equation for EM wave

in terms of electric field

Starting from Maxwell’s equations obtain the wave equation and velocity of EM waves in
vacuum

Write a note on plane EM wave. Give the expression for Electric Field and Magnetic field
variations

Give the properties of EM wave

What is polarization of wave? Mention different types of polarization of EM waves
Explain plane polarized, circularly polarized and elliptically polarized waves
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SEMICONDUCTORS

Introduction:

Band theory of solids: Band theory of solids can explain the conductivity of conductors,
insulators and semiconductors on energy gap between the bands.

Classification of solids into conductors, insulators and semiconductors

Based on electrical properties, solids can be classified as conductors, insulators and
semiconductors. The order of magnitude of electrical conductivity serves as an indicator for the
classification. There are few exceptions like conductors with incomplete inner orbits (like Sn, Mn,
Zr, Rh etc.,) showing higher resistivity and narrow band gap semiconductors (like InSb, Bi>Tes
etc.,) with exceptionally high conductivity. Hence conductivity alone should not be the basis for
classification of solids. The temperature coefficient of resistivity helps us to classify and
distinguish between highly conducting semiconductors and less conducting metals. The positive
value of temperature coefficient of resistivity for conductors and negative value for
semiconductors can be explained on the basis of band theory.

Conductors: These are the solids which really conduct electricity. There are two types of energy
bands in conductors depending on the electronic configuration of atoms.

Conduction Band Conduction Band

Energy band in conductors

Energy band in conductors

In alkali metals and other metals having configuration ns* or ns?np? etc. having unpaired
electrons in the outermost orbit of their atoms and hence the valence band is partially filled. So
that, the electrons are easily excited to the higher levels in the same band. As a very large number
of vacant levels exists, a large current can flow in conductors.

In conductors having paired electrons in the outermost orbit the valence band is completely filled.
So they should not conduct electric current. But it is observed that they also conduct electric
current. This is because conduction band overlap with the valence band forming a composite band
which is also partially filled as in the earlier case. In these conductors the forbidden gap/energy
gap Eq=0.

Insulators: These are solids, which don’t conduct electric current. In insulators valence band is
completely filled and conduction band is completely empty. They are separated by a very wide
energy gap of the order of 6 eV (> 3 eV).

Conduction Band

B k&

Eg>3eV

l_(iEv

Energy Band in Insulator

Since the valence band is completely filled, the electrons can’t move, so they cannot
conduct electricity. The conduction band is completely empty having no electrons to move. To

1
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excite electrons from valence band to conduction band, we require an electric field of the order of
6x10®% V/m. hence an insulator doesn’t conduct electric current under normal condition.

Semiconductors: These are the solids, having conductivity less than the conductors and greater
than the insulators. The energy band diagram of a semiconductor is similar to that of an insulator
but, the valence band and conduction band are separated by a small narrow forbidden energy gap
of the order of <3 eV.

Conduction Band

S EC
E,~1t02eV

—\[-&EV

Energy Band in Semiconductor

Theory of semiconductors

There are two types of semiconductors; pure and impure. The pure semiconductors are called
intrinsic semiconductors and the impure semiconductors are called extrinsic semiconductors.

Extrinsic semiconductors are obtained by adding very small impurities to pure
semiconductors in a controlled manner. This process is called “doping” and the impurity added is
called “dopant”. Doped semiconductors are called ‘extrinsic semiconductors’. By virtue of small
impurity in an extrinsic semiconductor, it posses high electrical conductivity. There are two types
of extrinsic semiconductors are there. They are

1. n - type semiconductors and
2. p - type semiconductors.

I. n - type semiconductors: If a donor impurity (pentavalent atoms like As, Sb) are added to a
tetravalent pure semiconductor such as germanium or silicon the — ve charge carriers are
more than the + ve charge carriers. These types of semiconductors are called — ve type or n -
type semiconductors.

ii. p - type semiconductors: If an acceptor impurity (trivalent atoms like B) are added to pure
semiconductors, the +ve charge carriers are more than the — ve charge carriers. These types
of semiconductors are called + ve type or p-type semiconductors.

Further due to thermal excitation, electron-hole pair is formed by the breaking of bonds, which
become additional charge carriers. Thus both type charge carriers are observed in extrinsic
semiconductors. However, the type of charge carriers which owe their formation due to only the
thermal excitation and not due to doping are very small in number and they are called ‘minority
carriers’. The other type charge carriers obtained due to both doping as well as thermal excitation
are called ‘majority carriers’.
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Significance of Fermi level

According to Fermi-Dirac statistics, at temperature T = 0K, all the energy levels below Fermi level
are completely filled and the ones above are completely empty. Thus Fermi level (Er) at 0 K acts
as a distinguished energy position between the filled and unfilled energy states.

Fermi level in intrinsic semiconductor

Conduction Band

;.; EC
Egé Fermi Level Eg

Fermi level in Intrinsic
Semiconductor

Energy gap (Eg) is the difference between the bottom of the conduction band (Ec) and top
of the valence band (E.) i.e., Eq= Ec- Ev. For convention, the energy at the top of the valence band
is taken as zero (i.e., Ev= 0) for reference. At T = 0K, all the energy levels in the valence band are
completely filled and all energy levels in the conduction band are completely empty. But at room
temperature, due to thermal excitation, some of the electrons at the top of the valence band are able
to jump the energy gap and occupy some energy levels at the bottom part of the conduction band.
These electrons return soon to the vacant energy levels left in the valence band. The electrons in
this set of energy levels continue to undergo excitation and de-excitation, and thus becomes
conduction electrons. Based on this one can say that, conduction electrons between the energy
levels in the bottom part of conduction band and the top portion of the valence band. Due to this
distribution, the average energy of the electrons taking part in conduction will be almost equal to
(Ec + Ev)/2 = E¢/2 (since Ev= 0 & Ec = Eg). Thus Fermi level lies in the mid part of the forbidden

gap for an intrinsic semiconductors.

Impurities level and Fermi level in extrinsic semiconductor
a) n - type semiconductors :

Conduction Band

S 0.8 0.8 0. @ 0. 800 %0 0.

Fermi level in n - type
Semiconductor
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In case of n-type semiconductors, the electrons of donor atoms are free for the

movement as compared to the resistance of electrons in that material, and hence they possess more
energy. As a result the energy level for the electrons will be elevated to a position much higher
than the valence band and lie very close to the conduction band as shown in the figure. These
levels are called donor levels. The energy difference between the top of the valence band and the
donor level is denoted as Eq. At low temperatures, thermal energy will be less and hence electrons
can’t move from valence band to conduction band. But the same energy will be enough to transfer
the electrons from donor level to the conduction band (since, Eq- Eq is small). These electrons are
mainly responsible for conduction in n - type materials. Since these electrons occupy the energy
levels very close to the bottom of the conduction band, the electrons get distributed between the
energy levels in the bottom part of the conduction band and the donor levels. The difference
between these two states will be almost equal to Ec - Eq (or Eq - Eq). Thus the average energy of

electrons participating in conduction becomes
1 1 . . . .
E (Ec + Eq) orE (Eg + Ed), and hence Fermi level in an n-type material at low temperature will be

located in the forbidden band at the level %(EC + Eq) or%(Eg - Eq) just below the bottom of

conduction band.
b) p - type semiconductors:

Conduction Band

EC

N

Egi Acceptor Level

7~ Q_e o eo e O 8o 80 80 80 8 0
P

i E,! . %EF

O — %Ev

Fermi level in p - type
Semiconductor

In case of p - type semiconducting materials, the acceptor atoms give rise to holes
which are relatively free compared to those which are in the conduction band. Hence holes due
to acceptor atoms possess higher energy than those in the conduction band. Since the energy
for holes increases in the downward direction in the band diagram & they occupy energy levels
in the band gap close to the valence band as shown in figure. These energy levels referred as
acceptor levels. The energy difference between the acceptor levels & the top of the valence

band is denoted by Ea - Ev = Ea (since Ey = 0). Since Ea is small, a small amount of thermal
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energy is sufficient to transfer the holes from the acceptor levels to the valence band. At low

temperature, the holes participate in the conduction undergo excitation and de-excitation
between the acceptor level and energy levels in the top portion of the valence band. As a result,
the average energy of the holes participating in conduction becomes (Ea + Ey)/2 or Ea/2 (since
Ev = 0). Hence, the Fermi level in p-type material at low temperature will be located in the
forbidden gap at the level (Ea+ Ev)/2 or Ea/2 from the top of the valence band.

Carrier concentration in an intrinsic semiconductor

1) Expression for concentration (density) of electrons.
The number of electrons present in the conduction band of an intrinsic semiconductor per unit

volume is known as Electron concentration. It is given by

EF—Eg]

Ne=2£Mj xe( a > (1)
h

Er—Eq
or N,= 2 (nm: kT)% x e["TJ — @

e hS
This is also the expression for electron concentration.

2) Expression for hole concentration:
The number of holes present in the valence band of an intrinsic semiconductor per unit volume is

known as hole concentration. It is given by

. 3 (Ee
thz(mj e (2

or N, = A'hﬁ(yrm;‘kT)g x ei(%TFJ —(2)

This is also the expression for hole concentration.

Relation between Fermi energy and energy gap for an intrinsic semiconductor
(or Fermi energy in intrinsic semiconductor)

For an intrinsic semiconductor, the number of electrons per unit volume in conduction band is
equal to the number of holes per unit volume in valence band.

Ne: Nh
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By substituting the values of Ne and N» we get

2( zﬂmng)g ) Z[Zﬂngmj? e
h h

E.—Ef Ey —Er

or (m;* )% X e_("Tj = (m; )% e(ij
e(—ECJrE,;;EVJrEF j _ [m: jg

2Er —(Ec+Ey) AN
OR e( “T ): My
m*

e

Taking logarithm on both sides, we get

2E. —(E.+E,) 3 . (m;]

-5lo
kT 2%\ m*

e

_ _3 m,
OR 2E. (EC+EV)—2kTIoge(mj

E.+E ) 3 m,
SECECARE:

2 4 %%

m*

e

OR, E, = @—%H |oge(ﬂ)

m,

Or. Shivalinge Gowda, Professor of Physics, MRIT

AtT=0K, E; = (%) This is the expression for Fermi energy.

As we know that, Ev= 0 & E¢ = Eg, then

Thus the Fermi level is in the middle of the band gap for an intrinsic semiconductor.

Intrinsic carrier concentration

In an intrinsic semiconductor there will be continuous production of electron-hole pairs due to
thermal energy. At the same time there will be decrease in the number of electrons and holes due
to electron-hole combination. As long as temperature remains constant the electron-hole
concentration will also remain constant. Thus at temperature T K, Ne= Nn= Ni. Where N; is called

intrinsic charge concentration.

Therefore the product of concentrations gives; Ni? = Ne X Nh.
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On substituting for Ne & Nn in the above equation, we get
Eq

N, = 2( 27KT jg(mgm; )?‘e_[2ij —> @

h2

Equations (1) represents charge carrier concentrations in an intrinsic semiconductor.
Conductivity in intrinsic semiconductor:

Conductivity will take place in an intrinsic semiconductor due to the movement of electrons and
holes (charge carriers) under the application of electric field. The average velocity acquired by the
charge carriers in the presence of electric field E, is called drift velocity V..

The drift velocity, Va o Eor Vg=pg — (1)

Where p is called mobility of charge carriers. It is defined as the velocity acquired by a carrier per
unit electric field. i.e. z= % ()

The net transfer of charges through the cross-section of the specimen gives the electric current in
it. The total electric current (1) in the semiconductor specimen is the sum of the current due to

drifting of electrons in the conduction band (l¢) and the current due to drifting of holes in the
valence band(ln).

=1+, 5@

To find an expression for electrical conductivity, first we shall consider the flow of electrons in the
semiconductor. Let ‘A’ be the area of cross-section, Ne is the number of electrons/unit volume and
‘e’ is the magnitude of charge of an electron, then the flow of electron/second in the conduction
band gives the electron current le.

1 =NeAvy,  —(4)
.". Current density of electrons is given by,

J, = L_ N eV,
A
Jo=NeuE  —(®) since Vg =#E

But ohm’s law gives the relation for Jeas J,=0.E  —(6)

On comparing equations (5) & (6), we get 0, = N €4, —(7)

Is the electronic conductivity is the conduction band. Similarly, the conductivity due to holes in
the valence band is given by

o, = Nyeu, —(8)

Where, Nh and pn represents the concentration & mobility of holes respectively. The total
conductivity of the semiconductor is given by,

o=0,+0,=Neu +N,eu,
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or G:e(Ne/ue +Nh/uh) _)(9)
In an intrinsic semiconductor, N, =N, =N, is the intrinsic carrier density, so that equation (9)
becomes
Using the expression for N; from intrinsic semiconductor

Eq

27K : " N S T 2kT
ie, Nj= Z(Fj X (me x thT ‘xe [sz in equation (10), we get
27k ! s {2%)
o, = 2(?) x(m: xmﬁ)“ xT2xe(u, + 1, )xe 2

Eg
or o; =0, e[mj — (11

o

N|w

27K MR .
where 0, = Z(VJ X(me X mh)Z xT2xe(u, + 1)
Equation (10) represents the expression for electrical conductivity in intrinsic semiconductor.

Variation of Resistance or Resistivity with temperature in intrinsic
semiconductor :

Conductor Conductor
(low lcmpcralurcs)

Semiconductor

Resistivity

Resistivity
Resistivity

0 LT 0 I 0 LT
0 300 0 20 0 300

Temperature (K) Temperature (K) Temperature (K)

Resistance of any material is varies with temperature. The resistance of metals increases with
temperature, whereas the resistance of the semiconductors is decreases with increase of
temperature. The expression for electrical conductivity in an intrinsic semiconductor is given by

o, = O'oe{zEk?rj — D

Where, o, = Z(Z:ijz x(m; x m;)% xT? x e, + 14,)

. 1
Since, p=—
O
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E
1 1 *‘*]
pi== REVC (2
O-i Go
This is the expression for resistivity of the semiconductor.
EQ
Since p = RA or; % —ie(z"Tj
N o,
EQ
or, R= [2”] =B e(ﬁ]
AO'
or, R=B e[ﬁ] where B= L
Ao,
Taking logarithm on both sides we get,
IoRIoBEg orIoRIoBE
IR =0 T gR=0gE+ 5
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1 3

The above equation (3) represents the equation for a straight line in which E4/2k is the slope.

A graph of logR and 1/T is plotted.

A
logR
logR
Slope =
=TT
> UT
E
In the curve slope gives logR =2,
UT 2k
E, =2k log Rj (4)
1T

This is the expression for the energy gap of a semiconductor in joules.
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Hall Effect:

“When a current carrying conductor is place in a magnetic field, a voltage will be generated
perpendicular to both the current and the magnetic field. This principle is known as the hall
effect.”

This was observed first by E. H. Hall in the year 1879. The potential difference developed in a
direction perpendicular to both current and magnetic field is called Hall voltage and the
corresponding electric field is called Hall field.

Consider a conductor carrying current along +ve X axis. Magnetic field is applied along +ve Z
axis. Thus electrons experience Lorentz force along the -ve Y axis. Thus electrons accumulate on
the lower surface which results in the accumulation of +ve charges on the upper surface. This
results in an electric field developed between the two surfaces.

Y 2

A B

) _______ - —
/ ‘ X

T
Zal

The force on the electrons due to electric field further opposes the force due to magnetic field.

A stage is reached where in both the forces are equal and an equilibrium state is reached The
electric field developed across the material at equilibrium is called Hall Field.

Expression for Hall Co-efficient:

The Lorentz force exerts on electrons by the influence of magnetic field along +ve Y — axis is
given by

FL=Bev —(1)
The force exerts on electrons by the induced electric field along -ve Y — axis is given by
FE=eEn — (2

10
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Under equilibrium the Lorentz force on electrons is equal to force due to hall field. i.e., F.=Fe
eEn=Bev — (3)
Here e is electronic charge, En is Hall Field, B is Magnetic field, v is the velocity of electrons. The
current density J is given by

J=nev —(4)
Here n is the number density of charges. Dividing equation (3) by (4) we get

E, _ Bev
J nev
ek, B
J n
BJ
E. . =—
" ne
E, =R,BJ
Here Ry is called the Hall coefficient and it is given by
1
R, =—
" ne

The Hall voltage is given by the equation
Vu = End=RyBld

Here d is the thickness of the material along y-axis.

Note: In case of n-type semiconductors Ry is negative and for p-type semiconductors Ry is
positive.

Application of Hall Effect

a. This effect is the basis of many practical applications and devices such as magnetic field
measurements, and position and motion detectors.

b. Hall Effect is also used in the determination of type of extrinsic semiconductor (P-Type and
N-Type).

c. Hall Effect is also used to find semiconductor properties like carrier concentration and
mobility of carriers.

Photodiode:

‘ Photo-Diode

Photodiode is a two terminal electronic device which, when exposed to light the current starts

flowing in the diode. It is operated in reverse biased mode only. It converts light energy into

11
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electrical energy. When the ordinary diode is reverse biased the reverse current starts increasing

with reverse voltage the same can be applied to the photodiode. But in the case of photodiode the
current can flow without application of reverse voltage, the P-N junction of the photodiode is
illuminated by light and light energy dislodge valence electrons and the diode starts conducting.

They are also called a photo-detector, a light detector, and a photo-sensor. Photodiodes are

designed to work in reverse bias condition.

Construction of Photodiode:
Light Rays

Silicon Nitride
SiO; Diffusion

Mask
k 2 j_ Anode
P-type material

P-N Junction
Depletion

laye
ayer N-back Contact

Diffusion

Back Metallization Cathode

The photodiode is made up of two layers of P-type and N-type semiconductor. In this, the P-type
material is formed from diffusion of the lightly doped P-type substrate. Thus, the layer of P+ ions
is formed due to the diffusion process. And N-type epitaxial layer is grown on N-type substrate.
The P+ diffusion layer is developed on N-type heavily doped epitaxial layer. The contacts are

made up of metals to form two terminal cathode and anode.

Silicon
Si02 P Active Area Nitride Passivation
+ / AR Coating
Diffusion Mask  / Anode |

T —
® uncti

~ Bulk N-Type Silicon ¥ Non
Back
= Contact
Depletion Back Metalization Diffusion
Region Cathode

The front area of the diode is divided into two types that are active surface and non-active surface.
The non-active surface is made up of SiO2 (Silicon di Oxide) and the active surface is coated with
anti-reflection material. The active surface is called so because the light rays are incident on it.

While on the non-active surface the light rays do not strike. The active layer is coated with anti-

12
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reflection material so that the light energy is not lost and the maximum of it can be converted into

current. The entire unit has dimensions of the order of 2.5 mm.

Working of Photodiode:

incident photons

SREE

J '@
9 :i Q> o -
e 8> @
2 @ &
- N - 1
- o . 3 |
| + @ £ J v
v P-lypl." / N-type
Depietion or intrinsic 9
region
| ¥
!
b il
> —> s=> =y «—= 90 &« 9

The working principle of a photodiode is, when a photon of ample energy strikes the diode, it
makes a couple of an electron-hole. This mechanism is also called the inner photoelectric effect. If
the absorption arises in the depletion region junction, then the carriers are removed from the

junction by the inbuilt electric field of the depletion region.

Therefore, holes in the region move toward the anode, and electrons move toward the cathode, and
a photocurrent will be generated. The entire current through the diode is the sum of the absence of
light and the photocurrent. So the absent current must be reduced to maximize the sensitivity of the

device.

Responsivity is a measure of input output gain of the detector. It is the measure of electrical output

per optical input. The responsivity has units of amperes per watt.
Ri=1Ip /P

Where, R)= Responsivity
Ip = Output Photo Current
P = Incident Optical Power

Application of Photodiode:

The photodiode is used in optical communication system.

The photodiode is used in automotive devices.

The photodiode is used in medical devices.

It is used in solar cell panels.

The Photodiode are used in consumer electronics devices.

It is used for exact measurement of the intensity of light in science & industry.
It is used in character recognition circuit.

13
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It is used in camera light meters, and street lights.

It is used in demodulation.

The photodiode is used in logic circuit.

It is used in photo detection circuits.

Phototransistor:
A phototransistor is a light controlled switch that switches a circuit and amplifies the current when

exposed to light It is a three layer semiconductor device whose light sensitive base is exposed The
light striking the base converts into a base current that amplifies the current between the emitter
and collector proportional to the intensity of light They are used for sensing light pulses of high
speed and small magnitude It is similar to BJT except for the exposed base instead of a terminal

y Eaght
Emitter

Collector

)

U coliector

Unlike a normal transistor a phototransistor has only two terminals, an emitter and collector The
symbol of the phototransistor is very similar to any normal transistor except for the base terminal

Instead of the base terminal, there are two pointing arrows representing incident light.

Collector Collector Dirain
3 3 ~
Emnittar Emitter Source
NEM PMNP FET
Phototransistor Phototransistor Phototransistor

It has a similar design to a normal bipolar transistor The base and collector region is larger as
compared to a normal transistor And the base is covered with transparent epoxy resin and lens to
prevent the base from contamination as well as focus light when entering the region Physically it

resembles a photodiode.

14
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Emitter Metallic Contact

40

N- Layer Collector

The emitter is heavily doped as compared to the collector but the collector is relatively very large
The physical area of the base and collector region is kept large to collect more light The larger area

generates more base current, that is amplified Thus making it more sensitive than a photodiode.
Working:

Phototransistor operates just like any normal bipolar transistor except for the fact that the base
current is generated by a light source instead of a voltage source The base current is generated on
the principle of the photovoltaic effect According to this phenomenon when photons strike the PN
junction, electron hole pairs are generated that separate and move in the opposite direction thus
creating a base current The base current is then amplified by the transistor action Therefore the

Phototransistor is 100 times more sensitive than the photodiode.

When biasing, the collector is kept at a higher voltage with respect to the emitter in NPN
phototransistor while in PNP, the collector is at a lower voltage with respect to the emitter And the
collector to the base junction is reverse biased the base terminal (in the case of three lead

phototransistors) is kept open or not connected, otherwise, it will operate as a normal transistor.

Under no light conditions, there is a small reverse saturation current or leakage current called dark
current that is directly proportional to the temperature as in photodiodes When light shines on the
phototransistor, the lens focuses the light onto the collector base junction and generates a base

current due to the photovoltaic effect The base current is amplified hundreds of times.

Application of Phototransistors
For light detecting and controlling

In counting systems and punch card readers
In relays

Alarm Systems

Level Indicators

Proximity Detectors

Encoders.

15



Applied Physics for EEE Stream Module — 5 Semiconductors eI Devices Or. Shivalinge Gowda, Professor of Physics, MRIT
Semiconductor laser:

Principle: A semiconductor diode laser is a specially fabricated P-N junction device that emits
coherent light when it is forward biased. It works on the principle of LED where p-type and n-type
semiconductors are heavily doped. Hence electrons and holes are recombined in the depletion
region producing coherent beam radiations.

Construction: The schematic diagram of semiconductor diode laser 1 Laser
is shown in figure. It consists of a heavily doped n and p regions.

7
The n-region is obtained by doping with pentavalent tellurium and

RegionP

the p-region is obtained by doping with trivalent zinc. The p-n
region lies in a horizontal plane through the centre. The top and bottom faces of a diode are
metalized to pass current through the diode. The front and rear faces are well polished parallel to
each other and perpendicular to the plane of the junction. The other two opposite faces are
roughened to prevent the lasing action in that direction. The first figure indicates energy level
diagram for ordinary or LED diode and the second figure indicates the energy level diagram for
Laser diode.

n - type P - type . Nn-type

1
i Electrons Ec —:\"\:"‘_ ____________ Een
.|. 1 8 Ll
o —

P - type

Region

Working: The Diode c;s forward biased using an external source. Therefore, electrons and holes
flow across the junction. The injected electrons and holes in the depletion region cause
spontaneous emission of photons and the junction acts as LED. A population inversion is achieved
in the depletion region of heavily doped P-N junction semiconductor diode in forward biased.
Hence more electrons are occupied in donor levels and conduction band of n-type semiconductor,
and the Fermi level lies within the conduction band. Similarly, the acceptor levels are unoccupied

and more holes are existing in the valence band and the Fermi level lies within the valence band.

When a diode is forward biased, the energy levels shifted and the new distribution is as shown
in 2" figure. As the current is increased, the intensity of light increased. When the current reaches

a threshold value the carrier concentration in the depletion region will reach very high values. This
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region contains a large concentration of electrons in CB and holes in VB. i.e., upper levels in the

depletion region are having high population while the lower levels are vacant. This is the
population inversion. The narrow region where the state of population inversion is achieved is
called active region. The Stimulated electron - hole recombination cause emission of coherent
beam of radiation. At room temperature GaAs semiconductor diode emits laser light of wavelength
9000A in IR region. A GaAsP emits laser of wavelength 6500A in the visible region as red light.

The semiconductor diode lasers are simple, compact and highly efficient. They require very
little power. Diode lasers give more divergent beam having an angular spread of the order of 5°-
15". They are less monochromatic and highly temperature sensitive. In semiconductor diode there
IS no meta-stable state.

Advantages

1. It has excellent efficiency

2. The output can be modulated

3. It produces both continuous wave output or pulsed output.
4. It is highly economical

Applications

1. Itis used in optical fiber communication.
2. Itis used in commercial CD recording and reading.

Four probe method:

The four probe apparatus is one of the standard and most Yk sk

Voltmeter

widely used apparatus for the measurement of resistivity of
semiconductors The apparatus consists of four equally
spaced tungsten metal tips with finite radius) Each tip is Sh
supported by springs on the end to minimize sample damage

during probing The four metal tips are part of an auto

mechanical stage which travels up and down during s s s
. . ] Specimen whose resistivity
measurements A high impedance current source is used to is to be measured

Constant current
power supply

supply current through the outer two probes, a voltmeter CAD

measures the voltage across the inner two probes to i

determine the sample resistivity Typical probe spacing is
around 2 mm These inner probes draw no current because of the high input impedance voltmeter
in the circuit Thus unwanted voltage drop at point 2 and point 3 caused by contact resistance

between probes and the sample is eliminated from the potential measurements.
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In order to use this four probe method in germanium crystals or slices it is necessary to

assume that
1. The resistivity of the material is uniform in the area of measurement.
2. A non-conducting boundary is produced when the surface of the crystal is in contact

with an insulator.
Case 1 Resistivity Measurements on a Large Sample.

We assume that the metal tip is infinitesimal and sample is semi-infinite in lateral
dimensions. For bulk samples where the sample thickness, W >> S, the probe spacing, we
assume a spherical protrusion of current emanating from the outer probe tips. The
resistivity is computed to be

Do = \T/XZﬂ'S

V = floating potential difference between the inner probes
| = Current through the outer pair of probes

S = Spacing between point probes

po = Resistivity of the sample

Case 2: Resistivity Measurements on a Thin Slice

For the case of a non-conducting bottom on a slice the resistivity is computed from

_ P
AT

Case -3: Temperature dependence of resistivity

The resistivity p of a semiconductor depends on the temperature T as follows

_Ae Eg
PR

where A is a constant, Eg is the energy gap of the semiconductor.
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Problems :
1. The mobility of electrons and holes in a sample of intrinsic germanium at 300K are 0.36 m?/Vs

and 0.14 m?/Vs respectively. If the resistivity of the specimen is 2.2 Q.m, compute the intrinsic
concentration.

Solutions, we know that,
He= 0.36 mZ/VS Gi = Ni e(lue _|.luh)
uh=0.14 m?/Vs 1 1
pi = 2.2 Qm Or pj=—=—Fr——
ni=? o N e(ﬂe + 1)
1 1
SN

T pe(, + ) 2.2x1.602x107°(0.36+ 0.14)
n, =5.67=<10"/m?

2. The following data are given for intrinsic germanium at 300 K. ni = 2.4x10'%/md, . = 0.39
m?/Vs, un= 0.19 m?/Vs. calculate the resistivity of the sample.

we know that,

Solutions,

ni=2.4x10%/m? b = 1 =1

1e=0.39 m?/Vs ! nie(,ue + ,uh) ' o,

1h=0.19 m?/Vs 1

pi="? Pi =0.448 Om

T 2.4x10% x1.602x10°(0.39 + 0.19)

3. Find the conductivity of intrinsic silicon at 300 K. It is given that n; at 300 K in silicon is
1.5x10'/m? and mobilities of electrons and holes in silicon are 0.13 m?/Vs and 0.05 m?/Vs
respectively.

Solution, we know that,

ni = 1.5x10'%/m? Gi = Nie (Uetpin)

te= 0.13 m?/Vs oi= 1.5x10%%x1.602x10*° (0.13+0.05)
unh=0.05 m?/Vs ci= 4.325x10*/Qm

4. For an intrinsic semiconductor with gap width Eq = 0.8 eV, calculate the concentration of
intrinsic charge carriers at 300 K assuming that m,"= m,"= me (rest mass of electrons).

we know that,

Solutions, . [L]
Eg=0.8 eV N, :2(2711;1%] o 2T em, =m) =m,
T=300 K
3 E
Ni=? 27km, \2 s { . J
SN, = 2(Tej ><Tge 2KT

27 x1.38x10 % x9.1x 10 )} : {M]
N, =2 . . « [300]5 exp | 213810 730
(6.626 <107

N, =2.4x10%" x5196.15x1.22x107 =3.04x10" /m
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5. The effective mass of the electron in silicon is 0.31 me, where me is the free electron mass. Find
the electron concentration for silicon at 300 K assuming that the Fermi level lies exactly in the
middle of the energy gap, given that the energy gap for siliconis 1.1 eV.

we know that,

Solutions, 2 kT 3 (E.Ee
me*:0.3lme Ne :Z(h—gj % e [ kT )
T=300K

if £,=0, E:=Eq & also . [ s (e
_ _ 19 * 2 * 2 -
Eg=11eV=11x1.6026107 N, = 2( 27 kTJ e 2{ 27zmeij N

here Ef= Eg/2 & me'= 0.31me h? h?
EF = Eg/Z, Ne:?

3 1.1x1.60210°1°
N =g 27x9.1x107 x1.38x10*x300 | e[zls*leosooj
e (6.626x10*f
N, = 4.3255x10* x 4.784x107*° = 2.07 x10"°m°

6. Calculate the position of the Fermi level for pure silicon at 300 K, if the electron concentration
is 2x10%m3, Given that for silicon, the energy gap is 1.1eV, and the effective mass of electron is
0.31me, where me is the free electron mass.

we know that,

Solutions, . 5 £ -E,
Ne:2><1015m’3 N, = (Zyzm;kTJ Xe[ KT J
E, =1.1x1,602x107°J h
m, =0.31m, a1 03 3 (Ec-E,
T=300 K 9510 = 2 271 x0.31x9.1x10 ><1.382><10 x300 xe[ KT ]
Er=? (6.626x10%]
)
2x10" = 4.3255x10% xe'
EE 15
or e[ “ ] =AM=4.624><10-1°
4.3255x10
E.-E
or | ——2 |=n(4.624x10"°)=-215
kT
- Ep —E, =KT x(-21.5) or Ep=E, +KkTx(-215)

E. =1.1x1.602x10™° ~1.38x10** x 300 (21.5)
Er =1.7622x107° -0.89x10™ = E. =0.872x107"°J

0.872x107"
Ee = 1 R0 w1019

1.602x10
The position of Fermi level is 0.544 eV.

or =0.544 eV
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7. The hall coefficient of a specimen is 1.25x10-4 m3/C and its resistivity is 9x10-4 Qm. Find the
mobility and the density of the charge carriers.

Solutions,
W.K.T
1

R, =1.25x10"m*/C n,e

_ 4 1

p—9X10 Qm or n,=—-

n, =? Rye

ty =7 n, = " L =T

1.25x107" x1.602x10

n, = 4.993x10% /m?

W.K.T

1
Ph =
N84,
1
or =
r]eeph
1
Hy

B 4.993x10* x1.602x10™° x9x10~*
n, =0.139m% s

8. The hall co-efficient of a specimen of a doped silicon is found to be 3.66x10*m®C. The
resistivity of the specimen is 9.93x10 %ohm-m. Find the mobility and density of charge carrier,

assuming single carrier concentration.

9. The conductivity and Hall co-efficient of an n type silicon specimen are 112 ohm™m?* and

1.25x1072 m®/C, respectively. Calculate the charge carrier concentration and electron mobility.

10. Calculate the concentrations at which the acceptor atoms must be added to a germanium
sample to get a p-type semiconductor with conductivity 0.15 ohm™*m™. Given the mobility of holes
0.17 m*vist,

Some important questions:

Explain the significance of Fermi level in an intrinsic semiconductor.

Explain the significance of Fermi levels in extrinsic semiconductor.

Explain the significance of Fermi level in n-type extrinsic semiconductor.

Explain the significance of Fermi level in p-type extrinsic semiconductor.

A S A

Derive the expression for electron concentration in an intrinsic semiconductor.
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6. Derive the expression for hole concentration in an intrinsic semiconductor.

7. Derive the expression for electrical conductivity of an intrinsic semiconductor.
8. Derive an expression for resistivity of an intrinsic semiconductor.
9. Show that the Fermi level lies at the middle of the forbidden gap.
E. +E,
2

11. Derive an expression for intrinsic carrier concentration in an intrinsic semiconductor.

E
10. Show that E. :?g or Er =

12. Explain the variation of resistance or resistivity with temperature in a semiconductor.

13. Define Hall effect. Derive an expression for Hall coefficient.

14. Define Hall effect. Derive an expression for Hall voltage.

15. Explain the construction and working of Laser diode.

16. Explain the construction and working of photo diode.

17. Describe how do you determine the resistivity of a semiconductor by Four probe method.
18. Write a note on phototransistor.

* %k %k 3k %k
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